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Abstract. Let F be a principal congruence subgroup of SL„(Z) and let a be an irre- 
ducible unitary representation of SO(n). Let iVj^g(A, cr) be the counting function of the 
eigenvalues of the Casimir operator acting in the space of cusp forms for F which transform 
under SO(ri) according to a. In this paper we prove that the counting function A^p^,g(A, cr) 
satisfies Weyl's law. Especially, this implies that there exist infinitely many cusp forms 
for the full modular group SL„(Z). 



0. Introduction 

Let G be a connected reductive algebraic group over Q and let F C G(Q) be an arithmetic 
subgroup. An important problem in the theory of automorphic forms is the question of 
the existence and the construction of cusp forms for F. By Langlands' theory of Eisenstein 
series |Laj . cusp forms are the building blocks of the spectral resolution of the regular 
representation of G(R) in L^(F\G'(]R)). Cusp forms are also fundamental in number theory. 
Despite of their importance, very little is known about the existence of cusp forms in 
general. In this paper we will address the question of existence of cusp forms for the group 
G = SLn- The main purpose of this paper is to prove that cusp forms exist in abundance 
for congruence subgroups of SL„(Z), n > 2. 

To formulate our main result we need to introduce some notation. For simplicity assume 
that G is semisimple. Let Koo be a maximal compact subgroup of G(]R) and let X = 
G{W)/Koo be the associated Riemannian symmetric space. Let Z{qc) be the center of 
the unviersal enveloping algebra of the complexification of the Lie algebra g of (j(]R). 
Recall that a cusp form for F in the sense of |Laj is a smooth and i^oo-finite function 
: F\G'(]R) C which is a simultaneous eigenfunction of 2{qc) and which satisfies 

/ (f){nx) dn = 0, 

JrnNp{R)\Np(R) 

for all unipotent radicals Np of proper rational parabolic subgroups P of G. We note 
that each cusp form / G C°°(F\G'(M)) is rapidly decreasing on F\G(]R) and hence square 
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integrable. Let L'^^^{T\G{M.)) be the closure of the hnear span of all cusp forms. Let (a, K-) 
be an irreducible unitary representation of K^o- Set 

L\T\G{R),a) = {L\T\G{Rj) ® V^)""- 

and define L^^g(r\G(M), a) similarly. Then L^^^(T\G{R), a) is the space of cusp forms with 
fixed i^oo-type a. Let flciM.) ^ ^(flc) be the Casimir element of G'(M). Then — fiG(iR) ® Id 
induces a selfadjoint operator A^- in the Hilbert space L'^(T\G(M.),(t) which is bounded 
from below. If F is torsion free, L^(r\G'(R), a) is isomorphic to the space L'^{r\X, E^r) of 
square integrable sections of the locally homogeneous vector bundle E^r associated to a, 
and Act = (V°^)*V'^ — Ao-Id, where is the canonical invariant connection and the 
Casimir eigenvalue of a. This shows that A^. is a second order elliptic differential operator. 
Especially, if ctq is the trivial representation, then L^(r\G'(]R), ctq) — -^^^(r\-^) and A^^ 
equals the Laplacian A of X. 

The restriction of A^- to the subspace L'^^^(T\G{R),a) has pure point spectrum consisting 
of eigenvalues Xoic) < Ai(cr) < ■ ■ ■ of finite multiplicity. We call it the cuspidal spectrum 
of Ao-. A convenient way of counting the number of cusp forms for F is to use their Casimir 
eigenvalues. For this purpose we introduce the counting function N^^^{X, a), A > 0, for the 
cuspidal spectrum of type a which is defined as follows. Let S{Xi{a)) be the eigenspace 
corresponding to the eigenvalue Aj(cr). Then 

NLi\^)= E dim£(A,(a)). 

Xi{a)<X 

For non-uniform lattices F the selfadjoint operator Ao- has a large continuous spectrum so 
that almost all of the eigenvalues of A^. will be embedded in the continous spectrum. This 
makes it very difficult to study the cuspidal spectrum of A^. 

The first results concerning the growth of the cuspidal spectrum are due to Selberg [Se]. Let 
H be the upper half-plane and let A be the hyperbolic Laplacian of H. Let N^^^{X) be the 
counting function of the cuspidal spectrum of A. In this case the cuspidal eigenf unctions 
of A are called Maass cusp forms. Using the trace formula, Selberg jSel p. 668] proved that 
for every congruence subgroup F C SL2(Z), the counting function satisfies Weyl's law, i.e. 



(0.1) ^ 

as A ^ oo. In particular this implies that for congruence subgroups of SL2(Z) there exist as 
many Maass cusp forms as one can expect. On the other hand, it is conjectured by Phillips 
and Sarnak PS^ that for a non-uniform lattice F of SL2(M) whose Teichmiiller space T is 
non trivial and different from the Teichmiiller space corresponding to the once punctured 
torus, a generic lattice F G T has only finitely many Maass cusp forms. This indicates that 
the existence of cusp forms is very subtle and may be related to the arithmetic nature of 
F. 
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Let d = dimX. In has been conjectured in |Saj that for rank(X) > 1 and T an irreducible 

where r(s) denotes the Gamma function. A lattice F for which ()0.2|) holds is called by 
Sarnak essentially cuspidal. An analogous conjecture was made in |Mu3t p. 180] for the 
counting function iVjjg(A, a) of the discrete spectrum of any Casimir operator This 
conjecture states that for any arithmetic subroup T and any i^oo-type a 

, N , . , X vol(r\X) 

Up to now these conjectures have been verified only in a few cases. Besides of Selberg's 
result, Weyl's law (j(J.2p has been proved in the following cases: For congruence subgroups 
of G = SO(n, 1) by Reznikov |Rezj . for congruence subgroups of G = -Ri?/QSL2, where F 
is a totally real number field, by Efrat jEj p. 6], and for SL3(Z) by St. Miller |Milj . 

In this paper we will prove that each principal congruence subgroup F of SL„(Z), n > 2, 
is essentially cuspidal, i.e. Weyl's law holds for F. Actually we prove the corresponding 
result for all i^oo-types a. Our main result is the following theorem. 

Theorem 0.1. Forn > 2 /et X„ = SL.„(R)/ SO (n). Let (i„ = dim X„ . For every principal 
congruence subgroup F o/SL„(Z) and every irreducible unitary representation a of SO {n) 
we have 

(0.4) ^rj,_.^.,^f.^-0I^^^,<. 

as X —>■ OO. 



If n = 2 the asymptotic formula ()0.4j) can be improved with a remainder term of order 
0(7X7 log A) ISi. It is an interesting problem to obtain estimations for the remainder 
term for all n > 2. 

Next we reformulate Theorem 10.11 in the adelic language. Let G = GL„ regarded as 
an algebraic group over Q. Let A be the ring of adeles of Q. Denote by Aq the split 
component of the center of G and let ^(^(M)^ be the component of 1 in ^^(M). Let .^o be 
the trivial character of ^(^(M)^ and denote by n(G(A),^o) the set of equivalence classes of 
irreducible unitary representations of G{A) whose central character is trivial on ^(^(M)^. 
Let L2^,(G(Q)Ag(M)0\G(A)) be the subspace of cusp forms in L2(G(Q)Ag(M)°\G(A)). 
Denote by ncus(G(A), ^o) the subspace of all vr in n(G(A),^o) which are equivalent to a 
subrepresentation of the regular representation in L'^^^{G{Q)Ag(M.)'^\G{A)). By [S^ the 
multiplicity of any vr G n,,,(G(A),eo) in the space of cusp forms LL(G(Q)Ag(M)0\G(A)) 
is one. Let be the ring of finite adeles. Any irreducible unitary representation vr of G(A) 
can be written as vr = tToo ® ttj, where tToo and vtj are irreducible unitary representations 
of G(M) and G(Aj), respectively. Let Ti.,^^ and Ti-j^j, denote the Hilbert space of the 
representation tToo and tt/, respectively. Let Kf be an open compact subgroup of G(A/). 
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Denote by 0,^/ the subspace of f^j-invariant vectors in Ti^^^ . Given an irreducible unitary 
representation a of 0(n), denote by 'Hn^icr) the cr-isotypical subspace of Hn^- Let G(]R)^ 
be the subgroup of all g G G(M.) with | det(5')| = 1. Given vr G n(G(A),^o)) denote by 
the Casimir eigenvalue of the restriction of tTqc to G(M)^. For A > let n(.us(G(A), ^o)a be 
the space of all n G ncus(G(A), ^o) which satisfy |A^| < A. Set = 1, if —1 G Kj and 
^Kf = otherwise. Then we have 

Theorem 0.2. Let G = GL„ and let dn = dimSL„(M)/ S0(?2). Let Kf be an open compact 
subgroup of G{Af) and let a be an irreducible unitary representation ofSO{n). Then 

J2 dim(7^f/)dim(7^.^(or)) 

7rencus(G(A),5o)A 



(0.5) 



as A ^ oo. 



(47r)<^"/2rK/2 + l) + "^^^^ 



This may be regarded as the adelic version of Weyl's law for GL„. A similar result holds 
if we replace by any unitary character of ^^(M)^. If we specialize Theorem ID. 21 to the 
congruence subgroup K{N) which defines r(A^), we obtain Theorem 10.11 

Theorem 10 . 21 will be derived from the Arthur trace formula combined with the heat equation 
method. The heat equation method is a very convenient way to derive Weyl's law for the 
counting function of the eigenvalues of the Laplacian on a compact Riemannian manifold 
|Chaj . It is based on the study of the asymptotic behaviour of the trace of the heat operator. 
Our approach is similar. We will use the Arthur trace formula to compute the trace of 
the heat operator on the discrete spectrum and to determine its asymptotic behaviour as 
t 0. 

We will now describe our method in more detail. Let G(A)^ be the subgroup of all g G G{A) 
satisfying |det(5')| = 1. Then G{Q) is contained in G{Ay and the noninvariant trace 
formula of Arthur |Alj is an identity 

(0.6) E^x(/) = E^''(/)' /eCr(G(A)^), 

between distributions on G(A)^. The left hand side is the spectral side Jspcc(/) and the right 
hand side the geometric side Jgoo(/) of the trace formula. The distributions are defined 
in terms of truncated Eisenstein series. They are parametrized by the set of cuspidal data 
X. The distributions Jo are parametrized by semisimple conjugacy in G{Q) and are closely 
related to weighted orbital integrals on G'(A)^. 

For simplicity we consider only the case of the trivial f^oo-type. We choose a certain family 
of test functions (pj G C^(G(A)^), depending on t > 0, which at the infinite place are 
given by the heat kernel ht G C°°(G'(]R)^) of the Laplacian on X, multiplied by a certain 
cutoff function ipt, and which at the finite places is given by the normalized characteristic 
function of an open compact subgroup Kf of G{Af). Then we evaluate the spectral and the 
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(0.7) 



geometric side at (pj and study their asymptotic bahaviour as t ^ 0. Let ndis(G'(A), ,^o) be 
the set of irreducible unitary representations of G{A) which occur discretely in the regular 
representation of G(A) in L^{G{Q)Ag(M)'^\G{A)). Given vr e ndis(G'(A), ^o), let m(7r) 
denote the muhiplicity with which vr occurs in L'^{G{Q)Ag{M.)"\G{A)). Let Hfj be the 
space of i^oo-invariant vectors in T^tt^. Comparing the asymptotic behaviour of the two 
sides of the trace formula, we obtain 

J2 m(7r)e*^- dim{n^/) dim(Hf^) 

7rendis(G(A),5o) 

vol(G(Q)\G(A)V;^^) ^ 
{4^^ + 

as t — > 0, where the notation is as in Theorem 10. 2[ Applying Karamatas theorem |Fel 
p. 446], we obtain Weyl's law for the discrete spectrum with respect to the trivial Koo-tjpe. 
A nontrivial Kc^i-type can be treated in the same way. The discrete spectrum is the union 
of the cuspidal and the residual spectrum. It follows from |MWj combined with Donnelly's 
estimation of the cuspidal spectrum |Doj . that the order of growth of the counting function 
of the residual spectrum for GL„ is at most 0(A^'^"~^^/^) as A — > oo. This implies flO.Sp . 

To study the asymptotic behaviour of the geometric side, we use the fine o-expansion |A10j 



(0.8) J^,„(/) = ^ J2 o*'(5,7)^m(/,7), 

MeCye{M{Qs))M,s 

which expresses the distribution Jgco(/) in terms of weighted orbital integrals JM{l,f)- 
Here M runs over the set of Levi subgroups C containing the Levi component Mq of the 
standard minimal parabolic subgroup Pq, S* is a finite set of places of Q, and {M{Qs))m,s is 
a certain set of equivalence classes in M{Qs)- This reduces our problem to the investigation 
of weighted orbital integrals. The key result is that 

limt'^"/VM(S,7)=0, 

unless M = G and 7 = ±1. The contributions to ()0.8|) of the terms where M = G and 
7 = ±1 are easy to determine. Using the behaviour of the heat kernel ht{±l) as t 0, it 
follows that 

vol(G(Q)\G(A)Virj) ,^ , ^ 
(47r)d/2 

as t 0. 

To deal with the spectral side, we use the results of p^. Let C^(G'(A)^) denote the space 
of integrable rapidly decreasing functions on G(A)^ (see |Mu2| §1.3] for its definition). By 
Theorem 0.1 of |MSj . the spectral side is absolutely convergent for all / G C^(G'(A)^). 
Furthermore, it can be written as a finite linear combination 

-'spcc(/) = ^ X] X] «M,s^M,p(/, s)- 



(0.9) J,UM ^-wT^ {l + eKf)t 
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of distributions Jm pif^ where £(M) is the set of Levi subgroups containing M, V{M) 
denotes the set of parabohc subgroups with Levi component M and W^{aM)rcg is a certain 
set of Weyl group elements. Given M & C, the main ingredients of the distribution 
Jm pifj s) are generalized logarithmic derivatives of the intertwining operators 

Mq|p(A) : A'iP) ^ A'iQ), P,Qe ViM), A e al,^^, 

acting between the spaces of automorphic forms attached to P and Q, respectively. First 
of all, Theorem 0.1 of jMSj allows us to replace (pj by a similar function (pj G C^(G'(A)^) 
which is given as the product of the heat kernel at the infinite place and the normalized 
characteristic function of Kf. Consider the distribution where M = L = G. Then s = 1 
and 

(0.10) JSM)= E m(vr)e*^-dim(<Odim(Hf-). 

7rendis(G(A),?o) 

This is exactly the left hand side of ()0.7p . Thus in order to prove ()0.7|) we need to show 
that for all proper Levi subgroups M, all L E C{M), P G V{M) and s G W^^(aA/)rog, we 
have 

(0.11) JliA^ls) = o{t-^'--'^/') 

as t — >■ 0. This is the key result where we really need that our group is GL„. It relies 
on estimations of the logarithmic derivatives of intertwining operators for A G m^. Given 
TT G ndis(M(A), ^0)5 let Mq\p{t{, A) be the restriction of the intertwining operator Mq\p{\) 
to the subspace A^{P) of automorphic forms of type tt. The intertwining operators can be 
normalized by certain meromorphic functions rQ|p(7r, A) I A 7' . Thus 

MQ\p{'n, A) = rQ|p(7r, A)~^A^Q|p(7r, A), 

where A'"Q|p(7r, A) are the normalized intertwining operators. Using Arthur's theory of 
(G, M)-families |A5j , our problem can be reduced to the estimation of derivatives of 
-^Q|p(7r, A) and rQ|p(7r, A) on ia\p The derivatives of Nq\p{'k,\) can be estimated us- 
ing Proposition 0.2 of |MSj . Let M = GL„j x ■ ■ ■ x GL„^. Then vr = (8)j7rj with tTj G 
ndis(GL„. (A)^) and the normalizing factors rQ|p(7r, A) are given in terms of the Rankin- 
Selberg L-functions L{s, Hi x ttj) and the corresponding e-factors e(s, tTj x ttj). So our prob- 
lem is finally reduced to the estimation of the logarithmic derivative of Rankin-Selberg 
L-functions on the line Re(s) = 1. Using the available knowledge of the analytic properties 
of Rankin-Selberg L-functions together with standard methods of analytic number theory, 
the necessary estimates can be derived. 

In the proof of Theorem 10 . 1 1 and Theorem 10.21 we have used the following key results which 
at present are only known for GL„: 1) The nontrivial bounds of the Langlands parameters 
of local components of cuspidal automorphic representations |LRSj which are needed in 
jMSj . 2) The description of the residual spectrum given in |MWj . 3) The theory of the 
Rankin-Selberg L-functions jJPSj . 

The paper is organized as follows. In section 2 we prove some estimations for the heat 
kernel on a symmetric space. In section 3 we establish some estimates for the growth of 
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the discrete spectrum in general. We are essentially using Donnelly's result |Doj combined 
with the description of the residual spectrum |MWj . The main purpose of section 4 is 
to prove estimates for the growth of the number of poles of Rankin-Selberg L-functions 
in the critical strip. We use these results in section 5 to establish the key estimates for 
the logarithmic derivatives of normalizing factors. In section 6 we study the asymptotic 
behaviour of the spectral side Jspoc(0j)- Finally, in section 7 we study the asymptotic 
behaviour of the geometric side, compare it to the asymptotic behaviour of the spectral 
side and prove the main results. 

Acknowledgment. The author would like to thank W. Hoffmann, D. Ramakrishnan and 
P. Sarnak for very helpful discussions on parts of this paper. Especially Lemma f7. II is due 
to W. Hoffmann. 

1. Preliminaries 

1.1. Fix a positive integer n and let G be the group GL„ considered as algebraic group 
over Q. By a parabolic subgroup of G we will always mean a parabolic subgroup which 
is defined over Q. Let Pq be the subgroup of upper triangular matrices of G. The Levi 
subgroup Mo of Pq is the group of diagonal matrices in G. A parabolic subgroup P of G 
is called standard, if P D Pq. By a Levi subgroup we will mean a subgroup of G which 
contains Mq and is the Levi component of a parabolic subgroup of G defined over Q. If 
M (Z L are Levi subgroups, we denote the set of Levi subgroups of L which contain M 
by C^{M). Furthermore, let T^{M) denote the set of parabolic subgroups of L defined 
over Q which contain M, and let V^{M) be the set of groups in J-'^{M) for which M is a 
Levi component. If L = G, we shall denote these sets by C{M), T{M) and V{M). Write 
C = C{Mo). Suppose that P G J^^(M). Then 

P = NpMp, 

where Np is the unipotent radical of P and Mp is the unique Levi component of P which 
contains M. 

Let M & C and denote by Am the split component of the center of M. Then Am is defined 
over Q. Let X{M)q be the group of characters of M defined over Q and set 

aAf = Hom(X(M)Q,M). 

Then Oa/ is a real vector space whose dimension equals that of Am- Its dual space is 

= X{M)q ® R. 

Let P and Q be groups in jF(Mo) with P d Q. Then there is a canonical surjection 
ap — > aq and a canonical injection ^ a.*p. The kernel of the first map will be denoted 

by ttp. Then the dual vector space of ap is a*p/a*Q. 

Let P G jF(Mo). We shall denote the roots of (P, Ap) by Sp, and the simple roots by Ap. 
Note that for GL„ all roots are reduced. They are elements in X{Ap)q and are canonically 
embedded in a*p. 
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For any M e £ there exists a partition {rii, rir) of n such that 

M = GL„, X • • • X GLn, . 

Then can be canonically identified with (M'')* and the Weyl group W{aM) coincides 
with the group Sr of permutations of the set {1, r}. 

1.2. Let F be a local field of characteristic zero. If tt is an admissible representation of 
GLto(F), we shall denote by tt the contragredient representation to tt. Let TTj, i = I, ■■■,r, 
be irreducible admissible representations of the group GL„.(F). Then tt = tti (8) • • • (8) tt^ is 
an irreducible admissible representation of 

M(F)=GL„,(F)x-.-xGL„,(F). 

For s e C let Trjsj] be the representation of GL„.(F) which is defined by 

TTi[s,]ig) = \det{gTTT,{g), geGK^iF). 

Let 

Ip (tt, s) = Indp^^l (tti [si] • • • (g) TTr [sr] ) 

be the induced representation and denote by 1-Lp{tt) the Hilbert space of the representation 
/p (tt, s). We refer to s as the continuous parameter of /p (tt, s). Sometimes we will write 
/p(7ri[si], ...,TTr[sr\) in placc of /p(7r, s). 

1.3. Let ^ be a locally compact topological group. Then we denote by n(^) the set of 
equivalence classes of irreducible unitary representations of Q. 

1.4. Let M e £. Denote by ^m(K)° the component of 1 of Am(K). Set 

Mp{Kf^ fl ker(lxl). 

xex(M)Q 

This is a closed subgroup of (A), and Af (A) is the direct product of Af (A)^ and Ajv^(IR)'^. 

Given a unitary character ^ of Am(R)°, denote by L^(M(Q)\M(A), ^) the space of all 
measurable functions on Af(Q)\Af(A) such that 

0(xm) = ^(x)0(m), X e AmC^T, m e M(A), 

and is square integrable on M(Q)\M(A)^ Let Ll.^{M{Q)\M{A),C) denote the dis- 
crete subspace of L'^{M{Q)\M{A),C) and let ^^^{M{Q)\M{A),C) be the subspace of cusp 
forms in L"^ {M {Q)\M (A) , ^) . The orthogonal complement of ^^^{M {Q)\M (A) , in the 
discrete subspace is the resiudal subspace L^gg(M(Q)\M(A), ^). Denote by ndis(M(A), (^), 
^cus{M (A) , ^) , and U^esiM (A) , ^) the subspace of all tt G n(M(A),,^) which are equiva- 
lent to a subrepresentation of the regular representation of M(A) in L^(M(Q)\M(A), 
LL{Mm\M{^),0, and LL(M(Q)\M(A), 0, respectively 

Let ndis(M(A)^) be the subspace of all tt e n(M(A)^) which are equivalent to a subrep- 
resentation of the regular representation of M(A)^ in L^(M(Q)\M (A)^). We denote by 
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neus(M(A)^) (resp. n,cs(M(A)^)) the subspaces of all tt G ndis(M(A)^) occurring in the 
cuspidal (resp. residual) subspace ^^^{M{Q)\M{AY) (resp. Ll^{M{Q)\M{AY)). 

1.5. Let P be a parabolic subgroup of G. We denote by A'^{P) the space of square 
integrable automorphic forms on Np{A)Mp{Q)Ap(R)°\G{A) (see |Mu2l §1.7]). 

Given tt G Ildis (Mp( A), ^q), let Al{P) be the subspace of A^i^P) of automorphic forms of 
type TT IHl p. 925]. Let vr G n(Mp(A)^). We identify tt with a representation of Mp(A) 
which is trivial on 74p(M)''. Hence we can define A^{P) for any vr G n(Mp(A)^). It is 
a space of square integrable functions on Np{A) Mp{Q) Ap{W)^\G{A) such that for every 
X G G{A), the function 

(pxim) = (j){mx), m G Mp(A), 

belongs to the vr-isotypical subspace of the regular representation of Mp(A) in the Hilbert 
space L\Ap(RfMp{Q)\Mp{A)). 

2. Heat kernel estimates 

In this section we shall prove some estimates for the heat kernel of the Bochner-Laplace 
operator acting on sections of a homogeneous vector bundle over a symmetric space. Let 
G be a connected semisimple algebraic group defined over Q. Let Koo be a maximal 
compact subgroup of G{R) and let (a, V^) be an irreducible unitary representation of K^o 
on a complex vector space V„. Let E^- = (G(M) x Vo-)/Koo be the associated homogeneous 
vector bundle over X = G{M.)/Koo. We equip E^^ with the G'(R)-invariant Hermitian fibre 
metric which is induced by the inner product in V„. Let G°°{Ea-), G'^{E„) and L'^{E„) 
denote the space of smooth sections, the space of compactly supported smooth sections 
and the Hilbert space of square integrable sections of E„, respectively. Then we have 

(2.1) C°°[K) = (C°°(G(M)) ® K)^-, L\E,) = {L\Gim)) ® K)"^"" 

and similarly for G^{Efj). Let Q G Z{gc) be the Casimir element of G(]R) and let R 
be the right regular representation of G(]R) on G^{G{M.)). Let A^- be the second order 
elliptic operator which is induced by — i?(f2) ® Id in G°°{E„). Let be the canonical 
connection on E^, and let Qk be the Casimir element of i^oo- Let = 0"(f27^) be the 
Casimir eigenvalue of a. Then with respect to the identification (j2.1|) . we have 

(2.2) (V")* V" = -i?(l]) ® Id + A, Id 
\Mia\ Proposition 1.1], and therefore 

(2.3) A, = (V")*V" - A^Id. 

Hence A^: G^{E(j) — > L'^{Efj) is essentially selfadjoint and bounded from below. We 
continue to denote its unique selfadjoint extension by A^-. Let exp(— tA^-) be the associated 
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heat semigroup. The heat operator is a smoothing operator on L'^{E„) which commutes 
with the representation of G{M.) on L'^{E„). Therefore, it is of the form 



2.4) (e-*^^^)(^) = / H^{g-'g,){^{g,))dg,, g E 0(1 



where ^ G {L'^{G{R)) ® and : G{R) End{Va) is in n and satisfies the 

covariance property 

(2.5) H;^{g) = a{k)H^{k-^gk')a{k'y\ for g G G(M), k, k' G K^. 

In order to get estimates for H'l , we proceed as in |BMj and relate to the heat kernel 
of the Laplace operator of G(R) with respect to a left invariant metric on G(M). Let g 
and i denote the Lie algebras of G{M.) and i^oo, respectively. Let g = 6 © p be the Cartan 
decomposition and let 9 be the corresponding Cartan involution. Let B{Yi^Y2) be the 
Killing form of 0. Set (Yi,l2) = —B{Yi,9Y2), Yi,Y2 G g. By translation of (-, ■) we get a 
left invariant Riemannian metric on G(M). Let Xi, ■ • ■ ,Xp be an orthonormal basis for p 
with respect to B\p x p and let Yi, - ■ ■ ,Yk be an orthonormal basis for t with respect to 
—B\t X i. Then we have 

1=1 i=l i=l 

Let 

p k 

(2.6) p = + = - ^ xf - 5^ r/. 

j=l j=l 

Then -R(P) is the Laplace operator Ac on G{M.) with respect to the left invariant metric 
defined above. The heat semigroup e~*^'^ is represented by a smooth kernel pt, i.e. 

(2.7) (e-*^«/) (g) = [ Pt{g~'g')f{g')dg\ f e L^GiR)), g G G(R), 

Jg{«.) 

where G C°°(G'(M)) n L'^{G(R)). In fact, belongs to L\G{R)) NJ so that (EH) can 
be written as 

Let 



Q= R{k) ® (t(A;) rffc 



be the orthogonal projection of L^(G(M))(8)V^ onto its f^oo^invariant subspace (L^(G'(]R))® 
l^„)^-. By we have 

A, = -g(i^(^]) ® id)g 

= Q(i?(P) ® Id)Q - 2Q(i?(fi,0 ® Id)g 
= Q(Ag ® Id)Q - 2A, 
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Hence, we get 

e-'~^- = g(e~*^« ® Id)Q ■ e*2^- 

which imphes that 

(2.8) H^ig) = e'^^^ [ [ pt{k'^gk')a{kk''^) dk dk' . 

Let C^(G(R)) be Harish-Chandra's space of integrable rapidly decreasing functions on 
G{R). Then can be used to show that 

(2.9) e {C\G{R)) ® End(K))^°°''^°° 
PM, Proposition 2.4]. 

Now we turn to the estimation of the derivatives of H^. By ()2.8j) . this problem can be 
reduced to the estimation of the derivatives of pt- Let V denote the Levi-Civita connection 
and p{g,g') the geodesic distance of g,g' G G(R) with respect to the left invariant metric. 
Then all covariant derivatives of the curvature tensor are bounded and the injectivity radius 
has a positive lower bound. Let a = dimG(M), / G No and T > 0. Then it follows from 
Corollary 8 in |CLYj that there exist C, c > such that 

(2.10) II w'Mg) \\< cr(''+')/2gxp (^-^^!^^ 

for all < t < T and ^ G G{R). By and (jTTTH) we get 

II VH;^ig) II < e^'^^ I I II {Vpt){k'^gk') \\ dkdk' 

<Gt-^^-^y^ I I e.J-'-^^^^^\dkdk' 



' K J K \ ^ / 

for all < t < T. Choose the invariant Riemannian metric on X which is defined by the 
restriction of the Killing form to TgX = p. Then the canonical projection map G{M) X 
is a Riemannian submersion. Let d{x, y) denote the geodesic distance on X. Then it 
follows that 

p{g,e)>d{gK^,K^), geG{R). 
Set r{g) = d{gKoo, K^o), g G G'(M). Together with ()2.1H) we get the following result. 

Proposition 2.1. Let a = dimG{R), I G No and T > 0. There exist G,c> such that 
(2.12) II VH^ig) \\< Cr("+')/2gxp 

for alio <t <T and g e G(R). 

We note that the exponent of t on the right hand side of ()2.12|) is not optimal. Using the 
method of Donnelly |Do2j . this estimate can be improved for / < 1. Indeed by Theorem 
3.1 of |Mulj we have 
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Proposition 2.2. Let n = dimX and T > 0. There exist C,c > such that 
(2.13) II V'H^ig) \\< Ct-"/2-'exp (^-^IlM^ 

for alio <t <T, <l <1, and g G G{R). 

We also need the asymptotic behaviour of the heat kernel on the diagonal. It is described 
by the following lemma. 

Lemma 2.3. Let n = dimX and let e G G{M.) be the identity element. Then 

(47r)"/2 

as t ^ 0. 



Proof. Note that for each x E X, the injectivity radius at x is infinite. Hence we can 
construct a parametrix for the fundamental solution of the heat equation for Ao- as in 
|.Do2] . Let e > and set 

[/, = {{x,y) G X X X I d{x,y) < e}. 

For any / G N we define an approximate fundamental solution Pi{x,y,t) on Ue by the 
formula 

Pi{x,y,t) = (47rt)-"/^exp (^^^^) (^^^Hx,y)t 

where the ^i{x,y) are smooth sections of E^j Kl E* over x Ue which are constructed 
recursively as in Theorem 2.26 of |B(TVj . In particular, we have 

^o{x,x) = ldv„, X E X. 

Let ip G C°°(X X X) be equal to 1 on f/,/4 and on X x X - Set 

Qi{x, y, t) = ipix, y)Pi{x, y, t). 

If / > n/2, then the section Qi of E^ M E* is a. parametrix for the heat equation. Since X 
is a Riemannian symmetric space, we get 

as t — 0. This implies the lemma. □ 
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3. Estimations of the discrete spectrum 

In this section we shall establish a number of facts concerning the growth of the discrete 
spectrum. Let M = GL„^ x • • ■ x GL„^, r > 1, and let 

M(M)i = M{R)nM{A)\ 

Then M(M) = M(R)^ ■ AAf(M)°. Let Km,oc C M{R) be the standard maximal compact 
subgroup. Then Km,oo is contained in M(]R)^. Let 

Xm = M{Ry/KM,oo 

be the associated Riemannian symmetric space. Let Fjvf C M(Q) be an arithmetic sub- 
group and let (r, V^) be an irreducible unitary representation of Km,oc on V^. Set 

If Tm is torsion free, then TmXXm is a Riemannian manifold and the homogeneous vector 
bundle E^. over Xm, which is associated to r, can be pushed down to a vector bundle 
Er Tm\Xm. Then C°°(rM\M(M)\ r) equals C^ITmXXm, E^), the space of smooth 
sections of E^. Define C^{Tm\M(R)\t) and (T m\M (RY , t) similarly. Let 1^m(r)i be 
the Casimir element of M(]R)^ and let be the operator in C°°(rM\M(M)^, r) which 
is induced by —Qm{r)^ ® Id. As unbounded operator in L'^(TM\M(Ry,T) with domain 
C^{TM\M{Ry, r), is essentially selfadjoint. Let L^^^iT m\mIrY , t) be the subspace of 
cusp forms of L'^iV m\M{RY , r). Then Ll^^{V m\M {R^^ , r) is an invariant subspace of A^, 
and At has pure point spectrum in this subspace consisting of eigenvalues Aq < Ai < ■ ■ ■ 
of finite multiplicity. Let £{Xi) be the eigenspace of Aj. Set 

A^™f(A,r)= 5^dim£:(A.). 

Ai<A 

Let d = dim Xm and let 

C 1 

{Any/^Til + 1) 

be Weyl's constant, where r(s) denotes the Gamma function. Then Donnelly jDol Theorem 
9] has established the following basic estimation of the counting function of the cuspidal 
spectrum. 

Theorem 3.1. For every r G II{Km,oo) we have 

hmsup ' ' < C,dim(r)vol(rM\XM). 

A— >oo A 

Actually, Donnelly proved this theorem only for the case of a torsion free discrete group. 
However, it is easy to extend his result to the general case. 

We shall now reformulate this theorem in the representation theoretic context. Let 

the trivial character of Am{R)^ and let vr G n(M(A),^o)- Let m(7r) be the multiplicity 
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with which vr occurs in the regular representation of M(A) in L^(ylj\,/(M)*^M(Q)\M(A)). 
Then U^i^^M (A) , ^o) consists of all vr e n(M(A),^o) with m(7r) > 0. Write 

TT = TToo ® VT/, 

where tToo e n(M(]R)) and nj e n(M(A/)). Denote by H-^^ (resp. 7^^^,) the Hilbert space 
of the representation tTqc (resp. tt/). Let -R'm,/ be an open compact subgroup of M(A/) 
and let r G II{Km,oo)- Denote by 'Htt^{t) the r-isotypical subspace of 'H-n^ and let Ti^^''* 
be the subspace of i^TMj-invariant vectors in 'Ht,^. Denote by Xt, the Casimir eigenvalue of 
the restriction of tToo to M(M)^. Given A > 0, let 

ndi3(M(A),eo)A = {vr G ndi.(M(A),eo) | |A.| < A}. 
Define n,,,(M(A), eo)A and n,es(M(A), eo)A similarly. 

Lemma 3.2. Let d = dimX^^. For every open compact subgroup Kmj of M{Af) and 
every t G II{Km,oc) there exists C > such that 

J2 rni^) dim(7^f;^^0 dim(7^.^(r)) < C(l + X''/') 

7rencus(M(A),5o)A 

for A > 0. 

Proof. Extending the notation of §1.4, we write n(M(M), ^q) for the set of representations 
in n(M(]R)) whose central character is trivial on Given tc^ G n(M(M),^o), let 

'^(tToo) be the multiplicity with which tToo occurs discretely in the regular representation 
of M(M) in L2(Am(M)°M(Q)\M(A))^*^./. Then 

where the sum is over all vr' G ndis(M(A), ^q) such that the Archimedean component vr^ 
of vr' equals tTqc. 

Let ncus(Af (M), ^o) be the subset of all tToo G n(M(]R),^o) which are equivalent to an 
irreducible subrepresentation of the regular representation of M(M) in the Hilbert space 
L2^,(Am(M)0M(Q)\M(A))^^^./. Given G U,UM(M),^o), denote by A^^ the Casimir 
eigenvalue of the restriction of tToo to M(M)^. For A > 0, let 

ne„.(M(M),^0)A = {vToo G neus(M(M),eo) | |A.^| < A}. 

Then by (j3.1|) . it suffices to show that for each r G II{Km,oo) there exists C > such that 

J2 ^(^oo) dim(7^^^(r)) < C{1 + X''/'). 

7rcx)encus{Af(R),5o)A 

To deal with this problem recall that there exist arithmetic subgroups TM,i C M(M), 
i = 1, . . . , /, such that 



M{Q)\M{A)/Kmj = \J{TM,i\M(M)) 



i=l 
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(cf. proi section 9]). Hence 

I 

(3.2) L2(Am(M)°M(Q)\M(A))^«-/ = L\AMm'rMAM{R)) 

i=l 

as M(R)-modules. For each i, i = and ttoo G n(M(R)) let mr^^-(7roo) be the 

multiphcity with which tToo occurs discretely in the regular representation of M(]R) in 
L^AMiRTTM^MiR)). Then m{7i^) = E!=i '^rM.lTToo) and 

Yl m(7^oo)dim(7^^^(r)) 

7rooencus(Af(M),Co)A 

I 

= Y1 "^rM,,(^oo)dim(7^^^(r)). 

j=l 7rooencus(M(K),^o)A 

The interior sum can be interpreted as follows. Fix i and set Tm '■= ^M,i- Let Ai < A2 < ■ ■ ■ 
be the eigenvalues of A^- in the space of cusp forms L'^^^{T (RY , r) and let S{Xi) be 
the eigenspace of Aj. By Frobenius reciprocity it follows that 

dim£(Aj) = Y "irM(^oo), 

where the sum is over all tToo G Ileus (^(I^), ^0) such that the Casimir eigenvalue Aj^^ equals 
— Aj. Hence we obtain 

Y ^rA^oo) dim{n.Ar)) = N^^:{X, r). 

7rooencus(Af(M),?o)A 

Combined with Theorem 13.11 the desired estimation follows. □ 
Next we consider the residual spectrum. 

Lemma 3.3. Let d = dimXjvf. For every open compact subgroup Kmj of M{Af) and 
every r G II{Km,oo) there exists C > such that 

J2 ^(^) dim(7^f;^'0 dim(7^^^ (r)) < C(l + X^""''^/^) 

7renres(M(A),5o)A 

for A > 0. 

Proof. We can assume that M = GL„^ x ■■■ x GL„,.. Let Kmj be an open compact 
subgroup of M{Af). There exist open compact subgroups Kij of GLn-(A/) such that 
Kij X ■ ■ ■ X Krj C Kmj- Thus we can replace Kmj by Kij x ■ ■ ■ x Krj. Next observe 
that Km,cx) = 0{ni) x • ■ ■ x 0[nr) and therefore, r is given as r = ri ® • ■ ■ ® r^, where each Xj 
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is an irreducible unitary representation of 0{ni). Finally note that every vr G n(M(A),,^o) 
is of the form vr = tti Cg> ■ ■ ■ (g) vr^ . Hence we get m(7r) = ni=i "^(^j) 

r r 
i=l i=l 

This implies immediately that it suffices to consider a single factor. 

With the analogous notation the proof of the proposition is reduced to the following prob- 
lem. For m e N set Xm = SLm(M)/ SO(m) and dm = dimX^. Then we need to show that 
for every open compact subgroup Kmj of GLm(A/) and every r G n(0(m)) there exists 
C > sucht that 

m(7r) dimin^P'^) dim(7^,^(r)) < C{1 + Xi^--^)/^) 

7ren,.e4GL„{A),go)A 

for A > 0. To deal with this problem recall the description of the residual spectrum of 
GLm by Moeglin and Waldspurger |MWj . Let n G ni.cs(GLm(A)) and suppose that vr is 
trivial on Aqi^^{R)^. There exist k\m, a standard parabolic subgroup P of GL^ of type 
{I, ... ,1), I = m/k, and a cuspidal automorphic representation p of GL; which is trivial on 
Agl,(K)°, such that TT is equivalent to the unique irreducible quotient J(p) of the induced 
representation 

Here p[s] denotes the representation g \ — > pig) \ detg'l'^, s G C. At the Archimedean place, 
the corresponding induced representation 

J^L'"(poo, k) := Jj^j^f ^)(poo[(A; - l)/2] . . . ® p^[(l - k)/2]) 

has also a unique irreducible quotient J(poo)- Comparing the definitions, we get J(p)oo = 
J(poo). Hence the Casimir eigenvalue of tToo = J{p)oo equals the Casimir eigenvalue of 
J{poo) which in turn coincides with the Casimir eigenvalue of the induced representation 
/p^"(poo,fc)- Let Xp be the Casimir eigenvalue of poo- Then it follows that there exists 
C > such that |A,r — kXp\ < C for all vr G Hros(GLm(A), ^o)- Using the main theorem of 
MW| p. 606] it follows that it suffices to fix Z|m, I < m, and to estimate 

(3.3) ^(/^) dim(7^^(,)^(r)). 

pencus(GL,(A),5o)A 

First note that by ,Sk , we have m(p) = 1 for all p G Hcus(GLi(A), ^q)- So it remains to 
estimate the dimensions. We begin with the infinite place. Observe that dim(7ij(p)^ (r)) = 
dim(r)[J(poo)|o(m) : t]. Thus in order to estimate dim(7i j(p)^ (r)) it suffices to estimate 
the multiphcity [J{poo)\o(m) '■ t]- Since J(poo) is an irreducible quotient of /p^'"(poo, k), we 
have 

[^(Poo)lo(m) : t] < [I^^"'{po.,k)\o(m) ■ t]. 
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Let Ki ao = 0(Z) X ■ ■ ■ X 0(/). Using Frobenius reciprocity as in [Kn,, p. 208], we obtain 
[/p'^'"(Poo,A;)|oM : r] 

Finally note that uj = ui ® ■ ■ ■ ® uJk with uji G n(0(/)). Therefore we have 

k 

[(Poo ® • ■ ■ ® Poo)k,,^ : ^] = JJ[Poo|o(z) : ^i]- 

i=l 

At the finite places we proceed in an analogous way. This implies that there exist an open 
compact subgroup Kij of GL/(A/) and LJi,...,u!p G n(0(/)) such that ()3.3|) is bounded 
from above by a constant times 

k 

j=i \pencus(GL,{A),eo)A 

By Lemma l3^ this term is bounded by a constant times (l+A'^'^^)'^, where di = Z(/+l)/2— 1. 
Since m = k ■ I and A; > 1, we have 

= ilLti)^ _ , < !!!(!!l±i) _ 2 = d„ - 1. 

This proves the desired estimation in the case of M = GL^, and as explained above, this 
suffices to prove the lemma. □ 



Combining Lemma [3.21 and Lemma f3. 31 we obtain 

Proposition 3.4. Let d = dimX^/. For every open compact subgroup Kmj of M{Af) 
and every r G II{Km,oo) there exists C > such that 

J2 rni^) dim(Hf/'0 ■ dim(H,^(r)) < C(l + X''/^) 

7rendis(A/(A),§o)A 

for A > 0. 

Next we restate Proposition 13.41 in terms of dimensions of spaces of automorphic forms. 
Let P G V{M) and let A^{P) be the space of square integrable automorphic forms on 
Np{A)Mp{Q)Ap(R)^\G{A). Given tt G ndis(M(A), ^o) let ^^(P) be the subspace of ^^^P) 
of automorphic forms of type tt jAU p. 925]. Let K^o be the standard maximal compact 
subgroup of ^(IR). Given an open compact subgroup Kj of G{Af) and a G n(Koo), 
let An{P)Kf denote the subspace of i^'j-invariant automorphic forms in A'^{P) and let 
Al.{P)Kf,a be the cr-isotypical subspace of ^^(P)x^. 
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Proposition 3.5. Let d = dimXj\,/. For every open compact subgroup Kj of G{Af) and 
every a G n(_ft'oo) there exists C > such that 

7rendi,(Af(A),Co)A 

for A > 0. 



Proof. Let vr G ndis(M(A), ^o)- Let Tipiji) be the Hilbert space of the induced representa- 
tion /p^^2j'(7r). There is a canonical isomorphism 

(3-4) Jp : np{Tx) ® HomAf(A) (tt, lM\S)AMm'' '^^^^^ ~^ ^^(^)' 

which intertwines the induced representations. Let vr = vToo ® ttj- Let Tipij^oo) (resp. 

Hp^Tif)) be the Hilbert space of the induced representation /p|j^j'(7roo)) (resp. -^p(a^) (tt/)). 

Denote by 'Hp{'noo)a the cr-isotypical subspace of Tipij^ oo) and by T-Cp{7!'f)^f the subspace 
of i^j-invariant vectors of 7ip(7rj). Then it follows from ()3.4|) that 



(3.5) dim^^(P)x^,, = m(7r) dim(7^p(7^/)^■f ) dim(7^p 

Using Frobenius reciprocity as in |Knl p. 208] we get 



Ten(XM,oo) 

Hence we get 

(3.6) dim(7^p(7roo)<x) < dim(or) ^ dim(7^^^(r))[(T|i^^,^ : r]. 

rGn(XM,oo) 

Next we consider = ®p<ocT^p- Replacing Kj by a subgroup of finite index if necessary, 
we can assume that Kj = Up^ooKp. For any p < oo, denote by TCp^TCp) the Hilbert space 

of the induced representation /p^^^jj(7rp). Let 'Hp{7ip)^p be the subspace of i^p-invariant 

vectors. Then dim?ip(7r„)^p = 1 for alomost all p and 



np{7Tfrf = Q^np{7rp)^-. 

p<oo 



Furthermore 



(3.7) 



'p(o„)l^pJ - l^-'p(Zp) l^pjy 

G{Zp)/Kp 

^ e 

G{Zp)/Kp 



,7r 1-^'' 



vr 
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Let Km J = KfCiM^Af). Using ()3.5p - ()3.7|) . it follows that in order to prove the proposition, 
it suffices to fix r G II{Km,oo) and to estimate 

J2 ^(^) dim(7^f;^•0 dim(7^^^(r)). 

7rendis(Af(A),^o)A 

The proof is now completed applying Proposition 13.41 □ 

Finally we consider the analogous statement of Lemma f3. 31 at the Archimedean place. For 
simplicity we consider only the case M = G. Let K^o be the standard maximal compact 
subgroup of G(M). Let F C G{Q) be an arithmetic subgroup and a G Il{Koo). Then the 
discrete subspace L^jg(F\G'(]R)-'^, a) of A^- decomposes as 

LlA^\GiR)\a) = LUr\G(Ry,a)®LUT\GiR),a), 

where L^j,g(F\G(]R)^, cr) is the subspace which corresponds to the residual spectrum of A^-. 
Let 

^L(r\G(R)\a) = 0f,.,(A,) 

i 

be the decomposition into eigenspaces of A^-. For A > set 

\i<\ 

Proposition 3.6. Let d = G{M.y / Koo- Let F C G{Q) be an arithmetic subgroup. For 

every o G '^{Koo) there exists C > such that 

for A > 0. 

Proof. First assume that F C SL„(Z). Let F(A^) C F be a congruence subgroup. Then 

(3.8) Ks{X,a)<Nif\Ka). 
Let 

N = rp > 0. 

Set 

Kp{N) = {ke GL„(Zp) I A; = 1 mod f^Zp} 

and 

(3.9) K{N)=Up^^Kp{N). 
Then K{N) is an open compact subgroup of G{Af) and 

(3.10) AG(MyG{Q)\G{A)/K{N)= [_\ (F(iV)\ SL„(R)) 

(cf. |I9]). Hence 

4'es(^G(M)°G(Q)\G(A))^W = LL(r(iV)\SL„(R)) 
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as SLn(]R)-modules. Put M = G in Lemma f3. 31 Then 

J2 m(v^)dim(<0dim(7^.^(a)) = y.(iV)iV:i^)(A, a), 

7ren^e4G(A),5o)A 

where (p{N) = #[(Z/A^Z)*]. Hence by Lemma 13.31 it follows that there exists C > such 
that 

This proves the proposition for T C SL„(Z). Since an arithmetic subgroup F C G{Q) is 
commensurable with G{Z), the general case can be easily reduced to this one. 

□ 



4. Rankin-Selberg L-functions 

The main purpose of this section is to prove estimates for the number of zeros of Rankin- 
Selberg L-functions. We shall consider the Rankin-Selberg L-functions over an arbitrary 
number field, although in the present paper we shall use them only in the case of Q. We 
begin with the description of the local L-facors. 

Let F be a local field of characteristic zero. Recall that any irreducible admissible repre- 
sentation of GLfn{F) is given as a Langlands quotient: There exist a standard parabolic 
subgroup P of type (mi, m^), discrete series representations 6i of GL^iiF) and complex 
numbers Si, ...,Sr satisfying Re(si) > Re(s2) > ■ ■ ■ > Re(sr) such that 

(4.1) n = J^^^{6i[si]^---®6r[Sr]), 

where the representation on the right is the unique irreducible quotient of the induced 
representation /p^™(5i[si] ■ ■ ■ ^rf-Sr]) |MW| L2]. Furthermore any irreducible generic 
representation vr of GLm(-^) is equivalent to a fully induced representation Jp^™ (5i[si] ® 
■■■(g) If vr is generic and unitary, it follows from the classification of the unitary 

dual of GLjn{F) that the parameters Sj satisfy 

(4.2) |Re(si)| < 1/2, t = l,...,r. 

Suppose that vr is given as Langlands quotient of the form ()4.1|) . Then the L-function 
satisfies 

(4.3) Lis,n) = llLis + s„5,) 

j 

[j]. Furthermore, suppose that tti and 7^2 are irreducible admissible representations of 
Gi = GLmi(M) and G2 = GLm2(M), respectively. Let 



T^i — J p- ' {'Til [Sil] ; • • • ; Tir^ ["^irj ) 



WEYL'S LAW FOR SL, 



21 



be the Langlands parametrizations of tTj, i = 1,2. Then it follows from the multiplicativity 
of the local Rankin-Selberg L-factors |JPSt (9.4)], |Sh6j that 

ri r2 

(4.4) L(S, TTi X TTs) = JJ JJ L{S + Sli + S2j, Tii X T2j) . 

i=l j=l 

This reduces the description of the local L-factors to the square-integrable case. Now we 
distinguish three cases according to the type of the field. 

1. F non- Archimedean 

Let Op denote the ring of integers of F and ^ the maximal ideal of Op- Set q = Op/^. 
The square-integrable case can be further reduced to the supercuspidal one. Finally for 
supercuspidal representations the L-factor is given by an elementary polynomial in g~*. 
For details see |JPSj (see also |MSj ). If we put together all steps of the reduction, we get 
the following result. Let tti and 712 be irreducible admissible representations of GL„^(F) 
and GL„2(F), resprectively. Then there is a polynomial ^^1,772(2^) of degree at most ni ■ n2 
with -P7ri,7r2(0) = 1 such that 

L(s,7ri X TTa) = P^,^^^{q''y\ 

In the special case where tti and tt2 are unitary and generic the L-factor has the following 
special form. 

Lemma 4.1. Let tti and tt2 be irreducible unitary generic representations o/GL„j(F) and 
GL„2(L'), respectively. There exist complex numbers ai, « = 1, ...,ni ■ n2, with \ai\ < q such 
that 



(4.5) L(s,7riX7r2)= W{\-a,q-')-\ 

i=l 

Proof. Let 61 and 62 be square-integrable representations of GLdj(F) and GLd^iF), respec- 
tively. As explained above there is a polynomial Psi^s2i^) of degree at most di ■ d2 with 
Ps^^s^ifS) = 1 such that 

Lis,6,x62) = Ps„52iq-T'- 
By (6) of |JPSj . p. 445, L{s,6i x ^2) is holomorphic in the half-plane Re(s) > 0. Hence 
Ps-i^,S2{x) has no zeros in the unit disc. Thus there exist complex numbers hi with \bi\ < 1 
such that 

di ■d2 

(4.6) Lis,6,x62)= Hil-kq-T'- 

i=l 

Now let VTi and tt2 be unitary and generic. Then L(s, tti x 712) can be written as a product of 
the form ()4.4|) and by ()4.2|) the parameters Sij satisfy | Re(sjj)| < 1/2, i = 1,2, j = 1, ...,ri. 
Combined with ()4.6|) the lemma follows. □ 
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If F is Archimedean the L-factors are defined in terms of the L-factors attached to semisim- 
ple representations of the Weyl group Wp by means of the Langlands correspondence |Lalj . 
The structure of the L-factors are described, for example, in |MS| §3]. We briefiy recall 
the result. 

2. F = M. 

First note that GLm(M) does not have square-integrable representations if m > 3. To 
describe the principal L-factors in the remaining cases d = 1 and c? = 2, we define Gamma 
factors by 

(4.7) M.) = TT-Z^r (0 , rc(.) = 2(27r)-T(.). 

In the case = 1, the unitary representations of GLi(M) = are of the form ■ip^^t{x) = 
sign^(x)|x|* with e G {0, 1} and t G iM. Then 

L(s,Ve,t) = r]R(s-ht + e). 

For A; G Z let Dj. be the k-th discrete series representation of GL2(M) with the same infini- 
tesimal character as the fc-dimensional representation. Then the unitary square-integrable 
representations of GL2(M) are unitary twists of Dj^, A; G Z, for which the L-factor is given 
by 

Lis,Dk)=Tc{s + \k\/2). 

Let ipe = sign*^, e G {0, 1}. Then up to twists by unramified characters the following list 
describes the Rankin- Selberg L-factors in the square-integrable case: 

L(s, Dk, X Dk,) = Tc{s + \ki - k2\/2) ■ Tc{s + \k, + k2\/2) 

(4.8) L{s, Dk X = L{s, x Dk) = Tc{s + \k\/2) 
L{s, ifj,, X = rffi((s + ei,2)), 

where < ei_2 < 1 with ei^2 = £1 + ^2 mod 2. 

3. F = C. 

There exist square-integrable representations of GLfc(C) only if A; = 1. For r G Z let Xr be 
the character of GLi(C) = which is given by x{^) = i^/^Y, z G C*. Then 

(4.9) L{s,Xr) = Tc{s+\n\/2). 
If Xri and Xr2 are two characters as above, then we have 

Hs, Xn X Xra) = rc(s + |ri | /2) . 

Up to twists by unramified characters, these are all possibilities for the L-factors in the 
square-integrable case. 

To summarize we obtain the following description of the local L-factors in the complex 
case. Let n be an irreducible unitary representation of GL,„(C). It is given by a Langlands 
quotient of the form 

7r = LB^'"(Xl[si]®---®Xm[Sm]), 
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where B is the standard Borel subgroup of GL^ and the Xi's are characters of GLi(C) = 
which are defined by x{^) = {.^I^Y\ Vi G i = 1, . . . ,Tn. Then 

m 

(4.10) L{s,7T) = l[rc{s + Si + \ri\/2). 

i=l 

Let TTi and 112 be irreducible unitary representations of GLm^(C) and GLm2(C), respectively. 
Let Bi C GLrrii be the standard Borel subgroup. There exist characters Xij of of the 
form Xiji^) = i^/^Y'^: ^ij ^ ^! and complex numbers Sij, i = 1, . . . ,mi, j = 1, . . . ,m2, 
satisfying 

Re(sii) > ■ • • > Re(simJ, | Re{sij\ < 1/2, 

such that 

GL 

(4.11) TTj = J^^ "'(XiliSil] ® ■ ■ ■ ® XimJSimJ), 2 = 1,2. 

Then the Rankin-Selberg L-factor is given by 

mi m2 

(4.12) L(s,7ri X TTa) = JJ JJ rc(s + Sii + + In^ + |/2). 
If F = R, the L-factors have a similar form. 

The description of the L-factors in the Archimedean case can be unified in the following 
way. By the duplication formula of the Gamma function we have 

(4.13) rc(s) = rK(s)rM(s + i). 

Let F be Archimedean. Set cf = 1, if F = M, and = 2, if F = C. Let tt e n(GL^(F)). 
Then it follows from ()4.13p and the definition of the L-factors, that there exist complex 
numbers /ij(vr), j = 1, . . . , mep, such that 

mep 

(4.14) L(s,7r) = J]rK(s + /i,-(7r)). 

i=i 

The numbers /ij(vr) are determined by the Langlands parameters of vr. Similarly, if tTj G 
n(GLm.(F)), i = 1, 2, it follows from the description of the Rankin-Selberg L-factors that 
there exist complex numbers ^j^ki'^i x 7:2) such that 

(4.15) L{s,TTi X TTa) = JJr]R(s + /ij-fc(7ri x vra)). 
Lemma 4.2. Let F be Archimedean. There exists C > such that 

X ^2)p <c(y1 1/^^(^1)1' + E i/^.(^2)n 

for all generic TTi G n(GLm. (F)), -i = 1,2. 
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Proof. First consider the case F = C Let rci and be irreducible unitary generic repre- 
sentations of GLmj(C) and GL,„2(C), respectively. Write tTj as Langlands quotient of the 
form (jmH). Using ()4.1()|1 and ()4.12j) together with ()4.13j) . it follows that it suffices to prove 
that there exist C > such that 

l^ii + ^2fc + kij +r2fc|/2|2 < Cj2\sij + kyl/2r 

for all generic vTj G n(GLm^(C)), i = 1,2. This follows immediately, if we use the fact that 
the parameters Sij satisfy | Re(sjj)| < 1/2 and the rjj's are integers. 

The proof in the case F = R is essentially the same. We only have to check the different 
possible cases for the L-factors as listed above. □ 

Next we consider the global Rankin- Selberg L-functions. Let E he a. number filed and let 
be the ring of adeles of E. Given m G N, let ndis(GLm(A£;)) and ncus(GLm(A£;)) be 
defined in the same way as in the case of Q (see §1.4). Recall that the Rankin-Selberg 
L-function attached to a pair of automorphic representations tti of GLm^(A£;) and tt2 of 
GLm2(A£;) is defined by the Euler product 

(4.16) L{s,7ri X TT2) = Y\_L{s,^i,v x T^2,v), 

V 

where v runs over all places of E. The Euler product is known to converge in a certain half- 
plane Re(s) > c. Suppose that tti and 112 are unitary cuspidal automorphic representations 
of GLmi(A£;) and GLm2(A^;), respectively. Then L(s,7ri x 712) has the following basic 
properties: 

i) The Euler product L(s, tti x 112) converges absolutely for all s in the half-plane 
Re(s) > 1. 

ii) L{s, TTi X 7^2) admits a meromorphic continuation to the entire complex plane with 
at most simple poles at and 1. 

iii) L{s, vTi X 772) is of order one and is bounded in vertical strips outside of the poles. 

iv) It satisfies a functional equation of the form 

(4.17) L(s, VTi X 712) = e(s, tti x 7r2)L(l - s, x 7^2) 
with 

(4.18) e(s, TTi X 712) = W{7l^ x 7r2)(D™iV(7ri x 712))'^^-', 

where De is the discriminant of E, W{7Ti x 7C2) is a complex number of absolute 
value 1 and A^(7ri x 712) G N. 

The absolute convergence of the Euler product (j4.16p in the half-plane Re(s) > 1 was 
proved in ^JSlJ . The functional equation is established in |ShH Theorem 4.1] combined 
with |Sh3| Prop. 3.1] and |Sh3t Theorem 1]. See also |Sh5j for the general case. The 
location of the poles has been determined in the appendix of jMWj . Property iii) was 
proved in jESl p.280]. 
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Now let TTi G ndis(GLm^(A£;)) and 7T2 G U^isiGLm^i^E)) ■ Using the description of the 
residual spectrum for GL„ |MWj . tti x 712) can be expressed in terms of Rankin- 
Selberg L-functions attached to cuspidal automorphic representations. Indeed, by |MWj 
there exist ki E N with ki\mi, parabohc subgroups Pi of Gi = GL^i of type {di, ...,di), 
di = nii/ki, and unitary cuspidal automorphic representations 6i of GLdX-^s) such that 

(4.19) Tii = J^:{S,[{ki - l)/2] ® ■ • • ® 6i[{l - ki)/2]), 

where the right hand side denotes the unique irreducible quotient of the induced represen- 
tation Ip;{Si[{ki - l)/2] ® ■ ■ ■ ® 5i[{l - ki)/2]). Set k = ki + k2 - 2. Then it follows from 
that 

ki — l k2 — l 

(4.20) L{s, TTi X TTs) = n n L{s + k/2~i- j, 5i x ^2). 

i=0 j=0 

Using this equality and i)-iv) above, we deduce immediately the corresponding properties 
satisfied by L{s,tti x 712). Especially, L(s,'7ri x 112) satisfies a functional equation of the 
form (j4.17|) with an e-factor similar to (j4.18|) . 

We shall now investigate the logarithmic derivatives of the Rankin-Selberg L-functions. 
First we need to introduce some notation. Let vTj G UdisiGLmX-^E)) , i = 1,2. For each 
Archimedean place w of E let Hj^kiji^ x t^2,w) j = 1, • • • , fw, k = 1, . . . , h^, be the param- 
eters attached to {'Ki,w,t^2,w) by means of ()4.15|) . Set 

(4.21) C{-Ki X 712) = ^^\^J'j,k{'^l,w X 'K2,w)\- 

w\oo j,k 

Let A^(7ri x 712) be the integer that is determined by the e-factor as in ()4.18|1 . Set 

(4.22) i/(7ri X TT2) = D™N{ni x 7r2)(2 + 0(11, x 712)). 
We call //(vTi X 112) the level of {111,712). Given vr G n(GLm(A£;)), set 

''Too — ®v\oo'^v, f — ®v<oo'^v 

Lemma 4.3. For every e > there exists C > such that 

L'{s,7lij X 7r2j) ^ ^ 
L(S, TTi J X 7r2,/) 

for all s in the half-plane Re(s) > 2 + e and all -Ki G Ileus (GL„ii(A£;)), i = 1,2. 

Proof. Let tTj G Ileus (GLmi(A£;)), i = 1,2, and let v < 00. By [Hk], 7ri^„ and 7i2,v are 
unitary generic representations. Hence by Lemma (4.11 there exist complex numbers ai{v), 
i = 1, . . . , mi ■ m2, with 

(4.23) \ai{v)\<N{v) 
such that 

mi ■m2 

L{s, vTi,, X 7C2,,) = n - ai{v)N{v)-T'- 
1=1 
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Suppose that Re(s) > 1. By fl4.23|) we have \ai{v)/N{vy \ < 1. Hence, taking the logarithmic 
derivative, we get 

L'{s,Tii^^ X Ti2,v) _ ai{v) log N{v) 

i k=i ^ ' 

Suppose that a = Re(s) > 1. Then by ()4.23|1 we get 



\sk ' 



L'(s,7ri,^ X 7l2,v] 



L(s, 7ri,„ X 1T2,, 



< mim2 



logA^(t;) 



Let Ce{s) be the Dedekind zeta function of E. Let e > and set cr = 2 + e. Then for 
Re(s) > cr we get 



L'{s,nij X 7V2,f) 



L(s,7rij X TTsj) 



< 17111712 



Ci.(^ - 1) 



□ 



Lemma 4.4. For every e > t/iere exists C > such that 



<C(l + log(|s|+c(7riX7r2))) 



,1 

/or a// s with Re(s) > 1 + e and all tTj G ncus(GLmi(A£;)), i = 1,2. 
Proof. Let w|oo. By ()4.15|) we have 

(4.24) L{s, Tii^y, X 7^2,^„) = J]^ r]R(s + /ij, fc(7ri,^ x 7r2,^)). 

Since tii^u, and 7r2,t„ are unitary and generic, the complex numbers Hj^kiji^w x t^2,w) satisfy 

(4.25) Re(/ij-fc(7ri,^ x 7r2,^)) > -1. 
Now recall that by Stirlings formula 

F' 



r 



{s) = \ogs + 0{\s\-^] 



is valid as |s| oo, in the angle — vr + 6 < arg s < tt — 6, for any fixed 6 > 0. Hence 



(4.26) 



TUs) 



1 



log7r + logs + 0(|s|~^) 



Tuis)''' 2 

holds in the same range of s. Let e > 0. Using ()4.24|) . ()4.25p and ()4.26|) . it follows that 
there exists C > such that 

L'{s, Tli^w X 7T2,w) 



L{S, TTi^^ X 7r2,^ 



< + ^log(|s| + |/ij-fc(vri,^ X 7r2,^)|). 



WEYL'S LAW FOR SL„ 27 

for all w\oo, all s with Re(s) > 1 + e and all tTj G ncus(GLm,(A£;)), i = 1,2. This implies 
the lemma. □ 

Let Hi G UdisiGL rrii {A e)), i = 1,2, and T > 0, be given. Denote by A^(T; tti, 7r2) the 
number of zeros of L{s, tti x 112), counted with multiplicity, which are contained in the disc 
of radius T centered at 0. 

Proposition 4.5. There exists C > such that 

N{T;jc,,TT2) < CTlog(T + z/(7ri x tts)) 
for allT > 1 and all TTj G ndis(GLm(A£;)), i = 1,2. 

Proof. By ()4.2()j) we can assume that tti and 7^2 are unitary cuspidal automorphic repre- 
sentations. Set 

(4.27) Ais) = s'^(l - sT (/^r'"'Ar(7ri x 7r2)f' L{s, tti x tts), 

where a denotes the order of the pole of L(s,7ri x 712) at s = 1. Note that a can be at 
most 1. Since vTj is unitary, we have 1x1 = 7^,1 = 1, 2. Hence by ()4.17|1 . it follows that A(s) 
satisfies the functional equation 

(4.28) A(s) = iy(7ri X ^2) (/^^"'^(^i x ^2)f'^A{l-^). 

Since L{s, tti x 7(2) is of order one, A(s) is an entire function of order one and hence, it 
admits a representation as a WeierstraB product of the form 

K{s) = e^^^^\[{l-s/p)e^/^, 
p 

where A, i? G C and the product runs over the set of zeros of A(s). We note that for 
s = a \ iT 



(4-29) R«E7^ = E 



(7 — Re(/)) 



^ s-p ^(a-Re(p))2 + (Im(p)-T)2 

and this series is convergent since A(s) is of oder one. Taking the real part of the logarithmic 
derivative of A(s), and applying the functional equation ()4.28|) to the right hand side, we 
get 



Re(5) + ReV - + ReV = - Re(5) - ReV - 

^ P p P P 

+ ReJ] 



Now observe that by ()4.28p . p is a zero of A(s) if and only if 1 — p is a zero of A(s). Hence 
the two sums involving s are equal, as they run over the same set of zeros. It follows that 

(4.30) Re(5) = -Re(^-). 

p ^ 
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Together with KTH this leads to 



_^ -L'(g,7ri,oo X 7r2,oo) _^ L'(S, TTij X TT2j) 



Lis, TTi^oo X 7r2,oo) L{s, TTij X TTaj) ' 

Let e > 0, and set o" = 2 + e. By Lemma 14. 3t Lemma 14.41 and ()4.29p it follows that there 
exists C > such that 

E (.-He(;))ir(il)-r)^ ^iW'''"''---)' 

(4.31) ' 

+ C(l + log(|T| + c(7ri XTTa)) 
<Cilog(|r| + z/(7ri XTTa)) 

for all T G M and tt^ G n,u3(GL^, (A^^)), i = 1,2. Let T > 0. Then it follows from (|OT|l 
that 

N{T + l;7iu7T2)-NiT; m,7r2) 



<2f3|c)V cr-Re(p) 

- ^ '''' _ Rp|'n^^2 I 



^ (a - Re(p))2 + (Im(p) - T)^ 

< Cl0g(T + Z/(7ri X TTs)) 

for all Hi G ncus(GLm^ (A^;)), z = 1,2. This implies the proposition. □ 

5. Normalizing factors 

In this section we consider the global normalizing factors of intertwining operators. Our 
main purpose is to estimate certain integrals involving the logarithmic derivatives of the 
normalizing factors. The behaviour of these integrals is crucial for the estimation of the 
spectral side. From now on we assume that the ground field is Q. Denote by A the ring of 
adeles of Q. 

Let M G Then there exists a partition {rii, . . . , rir) of n such that 

M = GLn, X ■ ■ ■ X GLn, . 

Let Q,P e V{M). Let w be a place of Q and let tt^, G n(M(Q^)). Associated to P, Q and 
7r„ is the local intertwining operator 

Jq\p{'^v, A), A G a^/^([-., 

between the induced representations Ip{t^v,\) and Iq{tx^^\), which is defined by an integral 
over Nq{Qv) n -/Vp(Q,;), and hence depends upon a choice of Haar measure on this group. 
By |A7j there exist meromorphic functions rQ|p(7r^, A), A G a^/c, such that the normalized 
local intertwining operators 

Rq\p{'^v, A) = rQ|p(7r„, A)" VQ|p(7r„, A) 
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satisfy the conditions of Theorem 2.1 of |A7j . There is a general construction of normal- 
izing factors which works for any group |A7j . |CLLj . For GL„, however, the intertwining 
operators can be normalized by L-functions |A7| §4], [AC\ p. 87]. The normalizing factors 
are given as 

(5.1) rQ|p(7r„,A)= JJ r„(7r^, A(d)), 



where TaiiTvjS) is a meromorphic function of one complex variable and Sp (resp. Sg) 
denotes the roots of {P,Am) (resp. {Q,Am))- Thus to define the normalizing factors, 
it is enough to define the functions ra{7!'v,s) for any root a of {G,Am) and any Tr^, G 
n(M(Qt,)). To this end note that is equivalent to a representation 7ri_„ (S) ■ ■ ■ ® 71".,.,^ with 
Tii^v G n(GL„.(Qt,)) and the root a corresponds to an ordered pair (i, j) of distinct integers 
between 1 and r. Fix a nontrivial additive character of Q„. Let L{s, vTj^^ x yfj j,) and 
e(s, TTj^^ X TTj „, -j/;^) be the Rankin-Selberg L-function and the e-factor attached to (vTj^^, nj^y) 
and ipv- Set 

(5.2) r„(7r„,s)- 



L(l + S, TTj^^ X TTj- ^)e(s, TTj^^ X TT^^^, ijjy) ' 



It follows from Theorem 6.1 of |Shlj that there are Haar measures on the group Nq{Q^) fl 
N-p{Qy), depending on ipy, such that the normalizing factors ()5.1|) have all the right prop- 
erties (see (Ml §4], |Xni p.87]). Now suppose that vr G ndis(M(A)). Then the global 
normalizing factor rQ|p(7r, A) is defined by the infinite product 

rQlpiTTA) = n^rQ|p(7r^, A), 

which converges in a certain chamber. By (j5.ip it follows that there exist meromorphic 
functions ra{TT, s) of one complex variable such that 

(5.3) rQ|p(7r, A)= JJ r„(7r, A(a)). 



Let vr = TTi ® ■ ■ ■ ® vr^. If a corresponds to then by ()5.2|) we have 
(5.4) r^(vr,s) 



L{s,7ri X TTj] 



L(l + s, TTj X 7rj)e(s, VTj x tij) ' 

where L(s, tTj x ttj) and e(s, tTj x nj) are the global L-function and the e-factor, respectively, 
considered in the previous section. 

The main goal of this section is to study the multidimensional logarithmic derivatives of 
the normalizing factors that occur on the spectral side of the trace formula jA4l . By ()5.3|) 
this problem is reduced to the investigation of the logarithmic derivatives of the analytic 
functions rQ,(7r, s). Furthermore, by ()5.4|) each ro(7r, s) may be regarded as the normalizing 
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factor attached to a standard maximal parabolic subgroup in GL^ with m < n. So let 
mi, m2 € N with mi + 1712 < n. Given tTj G ndis(GLm. (A)), i = 1, 2, set 



Lis, TTi X TTol 

(5.5) r(7ri®7r2,s) ^ ' ' 



L(l + s, TTi X 7r2)e(s, tti x 112) ' 

We shall now study the logarithmic derivatives of these functions. For this purpose we 
need some preparation. Suppose that vTj, z = 1,2, is given in the form ()4.20|1 and assume 
that ki < ^2- Set k = ki + k2 — 2. For j = 0, . . . , let the integers aj be defined by 

{i + l : i<ki-l] 
ki : ki — 1 < i < k2 — 1] 
k-i + 1 : z > A;2 - 1. 

Note that = ak-i, i = 0, k. It follows from (j4.2(Jj) that 

k 

(5.7) L(s,7ri xn2) =Y[L{s + k/2-t,Si x 62^. 
Define a polynomial of one variable x by 

k 

p{x) = Y[{{x + k/2 -i){l-x-k/2 + . 

1=0 

Then p{x) has real coeefficients and satisfies p{x) = p{l — x\ Let a be the order of the 
pole of L(s, b\ X ^2) at s = 1. Note that a < 1. Set 

(5.8) A(s) = v{sTN{t^i X ^2Y'^L{s, vn x ^2). 
Then A(s) satisfies the functional equation 

(5.9) A(s) = W{tix X ^2)A^(vri x ?F2)^/^A(1 - s). 

Furthermore A(s) is an entire function of order 1. Therefore it can be written as Weierstrass 
product of the form 

A(s) =e^+^^ JJ(l-s/p)e^/'' 

p 

with A, i? G C and p runs over the zeros of A(s). Taking the logarithmic derivative and 
applying the functional equation ()5.9|) to the right hand side, we get 



A(s) V A(s + 1) A'(s) ^ A'(-s) 



A(s + 1); A(s) A(s) A(_s) 

= 2Re(S) + 2ReVi + ^1 
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By ()4.30|) it follows that the first two terms on the right hand side cancel and hence we 
get 



(5.10) 



A{s) V A(s + 1) 



Re(p) 



A(. + l); A(.) ^(s-p){s + p) 

Therefore, combining ()4.18|1 . and ()5.8j) . we obtain 

/(tti ® 7r2, s) 



rlTTi ® 7r2, si 



:logA^(7ri X vTs) 



p'{s + l) _ p'{s) 
p{s + 1) p{s) 



2E 



Re(p) 



(s-p)(s + p)' 



In particular, if s = iA, A G M, then it follows from the definition of p{s) that 

/(tTi (g) 772, iA) 



r(7ri (g) 7r2,-iA) 



logA^(7ri X 712) 



i=0 



ai{k/2-i + l) ai{k/2-i-l) 



A2 + (A;/2-z + l)2 A2 + (A:/2-i-l)2 
Re(p) 



Re(p)2 + (Im(p)-A)2' 



Proposition 5.1. There exists C > such that 

r'(7ri (g) 7r2,-jA) 



T 



dX < CT\og{T + u{7Ti X ^2)) 



for allT > and TTi E ndis(GL„^(A)), i = 1,2. 

Proof. By the above formula it suffices to estimate the integral 

"V imp) I 

^^Re(p)2 + (Im(p)-A)2 ' 



We split the series as follows 



5:= E + E 

P |Im(p)|<T+l |Im{p)|>T+l 



To estimate the integral of the first sum, observe that for all (3 G and 7 G M we have 
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Hence by Proposition 14.51 we get 



T , ,V Re(p)2 + (Im(p) - A)^ 

|Im(p)|<T+l ^'^^ ^ ' 



< CTlog(T + z/(7ri X ^2))- 



It remains to consider the integral of the second sum. Observe that by ()5.7|) the zeros p of 
A(s) satisfiy | Re(p)| < + 1. Set 

or = A; + 3, C = 2(A; + 2)2. 

Then the following inequality holds for all A G R with |A| < T, all /9 G M"" with |/?| < A;/2+l 
and all 7 G M with I7I > T + 1: 

<c{ , l'^, 



/32 + (7 - A)2 - - + (7 - T)2 (a - + (7 + T)2 

Thus we get 

Re(p)| 



E 



Re(p)2 + (Im(p) - A)2 

|Im(p)|>T+l ^'^^ ' V ; 



(a - Re(p))2 + (Im(p) - T)2 
a — Re(p) 



(a-Re(p))2 + (Im(p)+T)^ 
Combining fj5.7j) and fj4.:^lj) . it follows that for a = A; + 3 there exists (7i > such that 

for all T G M and tTj G ndis(GLm. (A)), z = 1, 2. Combining these observation we get 

l\ E Re(,). I'll!:!!,) -A)^ ^^"°^'^^ 

|Im(p)|>T+l ' V VA^7 y 

This completes the proof of the proposition. □ 

The next proposition will be important for the determination of the asymptotic behaviour 
of the spectral side. 

Proposition 5.2. There exists C > such that 

\r'{-Ki ® -K2, i\)r{TTi ® 7r2,'jA)""'" |e~*'*'^ dX 

. ^, /I , / 1 + I logtl 

< C;log(l + //(tTi X TTs))- 



Vi 
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for all < t < 1 and rii E ndis(GLm-(A)), i = 1,2. 
Proof. By Proposition 15.11 it follows that we have 

r-A 

k'fTTi (8> 712, iu)r(ni 712, iu)^'^\du < C)? 



as |A| ^ oo. Hence, using integration by parts, it follows that the integral on the left hand 
side of the claimed inequality equals 

/OO 
/ \t\tii ® 7^2, iu)r{Tii ® 712, iu)~^\du Ae~*'^^ d\. 
-OO Jo 

Applying Proposition 15. II we get 

|r'(7ri (g) 7T2, iX)r{7Ti ® 712, iXy^\e~^^^ dX 



<Ct I log (|A| + u{7Ti X ^2)) A^e-^^'rfA 

< Ci log(l + U{ni X TT2)) ^^^^^^^ 

for all < t < 1 and vTi G ndis(GL„^(A)), i = l,2. □ 

Let M E C and let Q,P E V{M). Our next goal is to estimate the corresponding in- 
tegrals involving the generalized logarithmic derivatives of the global normalizing factors 
rQ|p(7r, A). For this purpose we will use the notion of a {G, M) family introduced by Arthur 
in Section 6 of |A5j . For the convenience of the reader we recall the definition of a {G, M) 
family and explain some of its properties. 

For each P E V{M), let cp(A) be a smooth function on iajj. Then the set 

{cp(A) I P E V{M)} 

is called a {G, M) family if the following holds: Let P, P' E V{M) be adjacent parabolic 
groups and suppose that A belongs to the hyperplane spanned by the common wall of the 
chambers of P and P'. Then 

cp(A) = cp/(A). 

Let 

(5.11) ^p(A) = vol (a^/Z(A^))"' JJ A(a^), A E ia*p, 

where Zi(Ap) is the lattice in ap generated by the co-roots 

{a^ I a G Ap}. 

Let {cp(A)} be a {G,M) family. Then by Lemma 6.2 of [A5], the function 

(5.12) cm(A)= Y1 cp{X)9p{Xr' 

PeV(M) 
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extends to a smooth function on ia\^. The value of CAf(A) at A = is of particular 
importance in connection with the spectral side of the trace formula. It can be computed 
as follows. Let p = dim{AM/AG). Set A = tA, t G M, A G aj/, and let t tend to 0. Then 

(5.13) CM(0) = i J2 (!^(|)'^^(^^))^^(^)^' 
|A5| (6.5)]. This expression is of course independent of A. 

For any (G, M) family {cp(A) | P G V{M)} and any L G C{M) there is associated a 
natural (G, L) family which is defined as follows. Let Q G ^^{L) and suppose that P <Z Q. 
The function 

A G ial ^— ^ cp(A) 

depends only on Q. We will denote it by cq(A). Then 

{cq(A) I Q G P(L)} 

is a (G, L) family. We write 

cl(A)= 5^ cq(A)^^q(A)-^ 
for the corresponding function ()5.12|) . 

Let Q G V{L) be fixed. If G P^(M), then Q(i?) is the unique group in V{M) such that 
Q{R) C Q and Q{R) Ci L = R. Let be the function on m^/ which is defined by 

Cfl(A) = CQ(fl)(A). 

Then {cg(A) | R G P^(M)} is an (L, M) family. Let cJ^(A) be the function (lin^ associ- 
ated to this {L, M) family. 

We consider now special {G, M) families defined by the global normalizing factors. Fix 
P G V{M), vr G ndis(M(A)) and A G ialj. Define 

(5.14) z/q(P, vr, A, A) := rQ|p(7r, A)-VQ|p(7r, A + A), Q G V{M). 

This set of functions is a (G, M) family |A4| p. 1317]. It is of a special form. By ()5.3|) we 
have 

z/q(P, vr, A, A) = J] r,(7r, A(a^))-V„(7r, A(a^) + A(a^)). 
aeSgns-p 

Suppose that L G C{M), Li G /:(L) and S G P(Li). Let 

{z/|^(P,7r,A,A)|QiGP^H^)} 

be the associated {Li,L) family and let i/f (P, vr, A, A) be the function (j5.12|) defined by 
this family. Set 

i/f(P,7r,A):=z/f(P,7r,A,0). 
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If a is any root in S(G', Am), let a\ denote the projection of onto ai- If F is a subset of 
E(G, Am), let be the disjoint union of all the vectors a^, a G F. Then by Proposition 
7.5 of IA4I we have 



^.f(P,7r,A)=5^vol(a^VZ(^L")) 

(5.15) 

nr.(vr,A(a^))-V:,(7r,A(a^)) 



.Li 



where F runs over all subsets of Am) such that is a basis of 0^;^^ Let t > 0. Then 
by ()5.15|) we get 



I |z.f(P,vr,A)|e-*ll^ll^rfA < vol(a^VZ(i^Z)) 
■ JJ |r,7r,A(aV))-V„/(7r,A(aV)) 

Jia*r la% 



„ e-*ll^ll' dX. 

Fix any subset F of Aa/) such that is a basis of Let 

{cja I a G F} 

be the basis of (a^^)* which is dual to F^. We can write A G ial/ia*Q as 

A = ^^atUa + Ai, ^Q, G iR, Ai G ia^j/ia^. 

Observe that A(a^) = 2;^. Let li = dim^ALj^/Ac). Then there exists C > 0, independent 
of TT, such that for all t > we have 



/ n A(«^))-V;(7r, A(a^)) |e-*ll^ll' rfA 
<Ct-'^"\{ [ |r„(7r,zJ-V;(7r,, 



(5.16) _ 

Suppose that M = GL„^ x ■ • • x GL„^. Then tt = tti (g) ■ ■ • (g) vr^ with vTj G ndis(GL„-(A)). 
Now recall that a given root a G S(G', Aj\/) corresponds to an ordered pair («, j) of distinct 
integers i and j between 1 and r. Then it folows from ()5.4|) and ()5.5p that rQ,(7r, s) = 
r(7rj ® vrj,s). Let Z = dmi{AL/Ac) and A; = dim(A2,/ALj. Then by Proposition 15.21 and 
()5.16|) it follows that there exists C > 

|z/f(P,7r,A)|e-*ll^l''rfA 

< cniog(i+.(-,x ^ I 

for all < t < 1 and all vr G ndis(M(A)). 
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Next we shall estimate the numbers //(vTj x tt^). For tToo G n(GLm(K)), let the complex 
numbers fij{TCoo), j = I, ■■■,m, be defined by (I4.14|) and set 

\j=l 

Given an open compact subgroup Kf of GLm(A/), set 

n(GL„(A))^^. := {tt G n(GL„(A)) | ^ 0}, 

where tt = tToo ® vt/ and T^tt^ denotes the Hilbert space of the representation ttj. 

Lemma 5.3. Let Kf i C GLm^(Aj), i = 1,2, be two open compact subgroups. There exists 
C > such that 

u{tTi X TTa) < C(l + c(7ri,oo) + c(7r2,oo)) 
for all TTi e n(GL„^(A))K^^, i = l,2. 

Proof. First consider c{tti x 172) which is defined by (|4.2H) . It follows from Lemma [4.21 that 
there exists C > such that 

c{tti X 112) < C(c(7ri,oo) + c(7r2,oo)) 

for all TTj e n(GLm^(A)), i = 1,2. It remains to estimate A^(7ri x 712). For this we first 
observe that, as the epsilon factor is a product of local epsilon factors, we can factor 
iV(7ri X 112) as 

N{7Ti X 712) = JjA^(vri,p X 7r2,p), 
p 

where p runs over the finite places of Q. This is a finite product. In fact, if p is unramified 
for both TTi and 7T2, then N{7ii^p x 7r2,p) = 1. Moreover there is an integer /(tti^p x 7r2,p) 
such that 

iV(7ri,p X 7r2,p) = 

(see e.g. |MSj ). Since we fix the ramification, there is a finite set S of finite places of Q, 
such that 

iV(7ri X 712) = JJ/(^i>f><'^2.f) 

pes 

for all TTj G n(GLmi(A))A'^ i = 1,2. This reduces our problem to the estimation of 
X ^2,p)- Let fini^p) be the conductor of Hi^p, i = 1,2. Then f{T^i,p) > and by 
Theorem 1 of |BHj and Corollary (6.5) of jBHKj we have 

(5.18) < /(tti^p X 7r2,p) < mi/(7ri_p) + m2f{TC2,p)- 

Let m G N and let Kp be an open compact subgroup of GLm(Qp). By Lemma 2.2 of |MSj 
there exists Cp > such that /(vTp) < Cp for all Hp G n(GLm(Qp)) with vTp 7^ 0. Together 
with (j5.18|) this implies that there exists C > such that 

iV(7ri X 7r2) < C 

for all TTi G Il{GLmX^))Kf i, i = 1,2. This completes the proof of the lemma. □ 
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We continue with the estimation of c(7roo). Given tToo G n(GLm(M), ,^o)) let A^^^ be the 
Casimir eigenvalue of the restriciton of ttqo to GLm(]R)^. Furthermore for a G n(0(m)) 
let Ao- denote the Casimir eigenvalue of cr. We note that if [7roo|o(m) : (t] > 0, then 
-A^^ + A^ > [DHl Lemma 2.6] . 

Lemma 5.4. There exists C > such that 

for all TToo G n(GLm(]R), ^o) o-nd a G n(0(m)) with [7roo|o(m) : o"] > 0. 

Proof. Write tToo as Langlands quotient tToo = Jj^'"'"(r, s), where r is a discrete series 
representation of MjiiM) and the parameters Si, G C satisfy Re(si) > Re(s2) > ■ ■ ■ > 
Re(sr). We may assume that the central character of r is trivial on Ar(]R)° and hance, we 
can regard r as a discrete series representation of Mr(M)^. Let m\ denote the Lie algebra 
of Mr(M)^ Note that is the direct sum of a finite number of copies of s/(2,]R). Let 
t C m)j be the standard compact Cartan subalgebra equipped with the canonical norm. 
Then f) = t © is a Cartan subalgebra of 0/^(]R). Let G it* be the Harish-Cahndra 
parameter of r. It follows from the definition of the parameters fij{TToo) in terms of the 
Langlands parameters that there exists C > such that 

c{7l^r<C{\\ Ar f +||sf) 

for all TToo G n(GLrrj(M), ,^o)- Let 7 : Z{Ql^{Cj) I{i)c) be the Harish- Chandra homo- 
morphism. By Proposition 8.22 of |Knj the infinitesimal character x of the induced repre- 
sentation /^^'"(r, s) with respect to f) is given by x(^) = (A^ + s)(7(^)), Z G Z{gl^{C)). 
Since tToo is an irreducible quotient of J^^™(r, s), it has the same infinitesimal character. 
Let Hi, ...,Hr be an orthonormal basis of Or and Hr+i, i^m an orthonormal basis of t. 
Then 

r m 

1=1 j=r+l 

[Wal' p. 168]. Hence, the Casimir eigenvalue A^ of tToo is given by 

r 

= (A. + ^)iim = E II A. ir - II p ir . 

j=i 

Since tToo is unitary, it follows from Theorem 3.3 of Chapter XI of |BWj that there exists 
C > 0, independent of tToo, such that || Re(s) ||< C. Hence there exists Ci > such that 

II A, f +||sf<Ci-A^^+|| A. f 

for all TToo G H(GL„(M),^o)- Now let a G H(0(m)) and suppose that tToo G H(GL„(M),^o) 
is such that [tTooIom '■ ^] > ^- Since a occurs in tToo, it also occurs in /^^"(r, s). Using 
Frobenius reciprocity as in |Knt p. 208], it follows that there exists u G H(0(m) fl Mr{R)) 
such that 

[^|o(m)nAffl(R) ■ uj] > and [cr\o{m)nMR(M.) : 1^] > 0. 
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Let Ao- and denote the Casimir eigenvalues of o and oj, respectively. By |Mu2l (5.15)], 
the second inequality implies A^^ < A^r. On the other hand, by |Wa21 p. 398], the first 
inequality implies 

II Ar f< A<^+ II PR f . 

Combining our estimations the lemma follows. □ 

Now let Kj be an open compact subgroup of G{Af). Set 

Kmj = KfH M{Af). 

Then Kmj is an open compact subgroup of M(A/). There exist open compact subgroups 
Kf^i of GL„-(A/), i = I, ...,T, such that Kf^i x ■ ■ ■ x Kf^r is a subgroup of finite index of 
Kf. Set 

ii{m{a),^o)k, = {ne n(M(A),eo) | n'^^ + {0}}, 

where tt = tToo ® iTf- Let n G Il{M {A) , C,q) k f ■ Then tt = tti ® ■ ■ • ® tt^ and tTj belongs to 
n(GL„-(A),^o)i^/i and by Lemma f5. 31 it follows that there exists C > such that 

(5.19) l[\og{l + u{7T, X nj)) < C J]log(2 + c(7ri,oo) + c(7rj- oo)) 
for all vr = VTi (g) ■ ■ ■ (g) G Il{M (A) , ^q) k f ■ 

Let Km,oo = 0(ni) x • • ■ x O(rir) be the standard maximal compact subgroup of M(M). 
Let a e'n(0(n)). For tt G n(M(A),^o) set 

koo : C^] = ['^ooIkm.oo '■ t]W\km.oo ■ t]- 

Ten{KM,^) 

Put 

n(M(A),eo)x,,a = {vr G n(M(A),eo)i^, | [vToo : ct] > 0} 

and 

ndi.(M(A),eo)i^„<x = ndi3(M(A),eo) nn(M(A),eo)i^„<x- 

Suppose that n G n(M (A), ,^o)a'^,(t- Let r G n(i^rM,oo) be such that [o"|i^^^^ : r] > and 
[vrookM,oo : ^] > 0. 

Let A,roo and A,- denote the Casimir eigenvalues of the restriction of tTqo to M(R)^ and of r, 
respectively. Note that A^r^ = ^jA,rioo = Xli-^Ti, where r = (S>jTj. Then it follows 

from ()5.19p and Lemma f5. 41 that there exists C > such that 

Yl log(l + uim xnj))<cY[ - A^,,^ + A,,^ - A^^, ^ + A,J 

<C{\og{2-X^^ + X,)f 

for all 71 G n(M(A), ^o)A'y,cr- Since there are only finitely many r that occur in ctIkmoo^ 
get 

(5.20) l[log{l + u{n, X n,)) < Ci(log(2+ lA^^I))'^' 
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for all TT e n(M(A),^o)i^j,<7- Combining (IKT7j) - (IK:^ we obtain 

Proposition 5.5. Let M e C, L e C{M) and P G V{M). Let I = dimiAL/Ac). Let Kj 
be an open compact subgroup o/GL„(Aj) and let a G n(0(n)). There exists C > such 
that 

l + \\ogt\Y 



/ 



|j.f(P,7r,A)|e-W dA<C(log(2 + |A.^|)) 
for alio <t <1 and it G ndis(M(A), ^o)i<-/,a- 



tV2 



6. The spectral side 



We shall use the noninvariant trace formula of Arthur |Alj . |A2j . applied to the heat kernel, 
to determine the growth of the discrete spectrum. To begin with, we explain the general 
structure of the spectral side of the Arthur trace formula. The spectral side is a sum of 
distributions 

5^J,(/), X e Co^(G(A)i). 

Here X is the set of cuspidal datas which consists of Weyl group orbits of pairs {Mb,Pb), 
where Mb is the Levi component of a parabolic subgroup and pb is a cuspidal automorphic 
representation of Mb(A). The distributions are described by Theorem 8.2 of |A4j . Let 
C^(G(A)^) be the space of integrable rapidly decreasing functions on G(A)^ [MS, §1.3]. In 
|MS1 Theorem 0.1] it has been proved that the spectral side of the trace formula for GL„ 
is absolutely convergent for all / G C^(G(A)^). In this case the expression of the spectral 
side simplifies. 

To describe this in more detail, we need to introduce some notation. Let M E C and 
P,Q & V{M). Let A^{P) and A'^{Q) be the corresponding spaces of automorphic functions 
(see §1.5). Let W{ap, Oq) be the set of all linear isomorphisms from ap to Og which are 
restrictions of elements of the Weyl group (Aq) . The theory of Eisenstein series associates 
to each s G W{ap, aq) an intertwining operator 

Mq|p(s, A) : A\P) ^ A\Q), A G a*p^c, 

which, for Re(A) in a certain chamber, can be defined by an absolutely convergent integral 
and admits an analytic continuation to a meromorphic function of A G Opj^. jLaj . Set 

Mq|p(A) :=Mq|p(1,A). 

Fix P G P(M) and A G ialj. For Q G P{M) and A G ia*M define 

MgiP, A, A) = Mq|p(A)-iMq|p(A + A). 

Then 



(6.1) 



{mQiP,X,A)\Aeialj, QeV{M)} 
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is a (G, M) family with values in the space of operators on A^{P) |A41 p. 1310]. Let 
L G C{M). Then, as explained in the previous section, the {G,M) family (jb.lj) has an 
associated {G, L) family 

{9JIq,(P,A,A) I AgzoI, QieP(L)} 

and 

9Jli(P,A,A)= 9?Iq,(^,A,A)^q,(A)-i 

QieP(L) 

extends to a smooth function on io^- Put 

!mL(p,A) = !mL(p,A,o). 

This operator depends only on the intertwining operators. It equals 

lim( vol(ag./Z(A^.))M„p(A)-i^«£<^ 

where A and A are constrained to lie in ia^, and for each Qi G Vi^L), Q is a group in 
V{Mp) which is contained in Qi. Then 071l(P, A) is an unbounded operator which acts 

on the Hilbert space A^iP). For vr G n(M(A)i) let ^^(P) be the subspace of A^{P) 

2 

determined by tt (see §1.5). Let p^iP, A) be the induced representation of G{A) in A^{P). 
Let Vr^(aA/)rcg be the set of elements s G W{aM) such that {H G | sif = H} = Ql- 
For any function / G C^(G'(A)^) and s G Vr'^(aAf)rcg set 

^^■^^ = 5^ / ^ tr(OJli(P, A)Mp|p(s, 0)p^(P, A, /)) dX. 



By Theorem 0.1 of |MSj this integral-series is absolutely convergent with respect to the 
trace norm. Furthermore for M G £ and s G W'"{aM)rcg set 

aM,s = \V{M)\-'\W,''\\Wo\-'\det{s - 1),lJ-\ 

Then for any / in C^(G'(A)^), the spectral side JspGc(/) of the Arthur trace formula is given 
by 

(6-3) Jspcc(/) = J] 1] 1] (^M,sJMAf^^)- 

Mec LeC(M) PeV{M) sevy^(oM)rog 

Note that all sums in this expression are finite. 

We shall now evaluate the spectral side at a function (pt, t > 0, which is given in terms 
of the heat kernel of a Bochner-Laplace operator. Then our main purpose is to determine 
the behaviour of Jspcc(0i) as t — 0. 
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Let Gimy = G{AynGiR). By definition G{Ry consisits of all g E G{R) witli | det{g)\ = 1. 
Hence G(M)^ is semisimple and 

G{R) =G{Ry ■ AciRf. 

Let 

X = GiRy/K^ 

be tlie associated Riemannian symmetric space. Given a G Il{Koo), let X he the 

associated homogeneous vector bundle. Let be the Casimir element of G(M)^ and 

let Ao- be the operator in L^(i?o-) which is induced by —R^Qciuy) ® M. Let 

(6.4) iff G {C\G{Ry) ® End(K))'^°°'''^°° 

be the kernel of the heat operator e"*^'' where C^{G{R)) is Harish-Chandra's space of 
integrable rapidly decreasing functions. Set 

We extend to a function on G{R) by 

h^ig-z) = h^ig), gEGiRy,zEAG 

Then /i^ satisfies 

hiigz) = hiig), g E G'(M), z E Ad 
Let Xa be the character of a. Then also satisfies 

Let i^^/ be an open compact subgroup of G{Af) and let Ik^ be the charcteristic function 
of if/ in G(A/). Set 

XKf = vol(if/)~4/^^. 
Define the function 0f on G(A) by 

(6.5) (j)t{g) = h1{g^)xKf{gf) 
for any point 

9 ~ 9oogfi goo 

eG{R), gfEG{Af), 

in G{A). Then 0t satisfies 0t(c/2) = (f)t{g) for ^ G Ag(M)°, g E G{A). It follows from (Q 
and the definition of C^(G(A)i) that the restriction c/)] of (pt to G(A)^ belongs to C^(G(A)^). 

Let TT be any unitary representation of G{A) which is trivial on ^(^(M)". Then we can 
define 



7r(0t) = / (j)t{g)7T{g)dg. 

Jg{a)/Ag{m.)° 

Suppose that vr = vToo ® Hf-, where tToo and vrj are unitary representations of G{R) and 
G{Af), respectively. Then vToo is trivial on ^^(M)^. So we can set 



7roo(0t) = / T^oc,{9oo)K{goo)dgo 

'G{M)/Ag(K)0 
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Let denote the orthogonal projection of the Hilbert space 7Y^^ of ^/ onto the subspace 
Ti^J" of i^^j-invariant vectors. Then 

Now let 77 G Il{M{Ay). We identify tt with a representation of M(A) which is trivial on 
y4A/(M)°. Let Ip{7Tx), X G aX/C' the induced representation of G{A). Let tt = ttoo CS) tt/. 
Then 

Let 'Hp{noo)a denote the a-isotypical subspace of the Hilbert space Hp^tToo) of the induced 
representation. Then Hp{7ioo)a is an invariant subspace of if {tIoo^x, hi). Let be the 
Casimir eigenvalue of the restriction of tToo to M(R)^. By Proposition 8.22 of jKnj it 
follows that 

/F(vroo,A, ht) \ Hp{7r^)^ = e-^^-^^+H^H') Id . 
Now observe that there is a canonical isomorphism 

jp : Hpin) ® HomAf(A) (^i", ^mSmmWoI^o)) ^ aI{P), 

which intertwines the induced representations. Let IlKf,a denote the orthogonal projection 
of aI{P) onto Al{P)Kf,a- Then it follows that 

(6.6) p^(P,A,0t) =e-(-"-+ll"ll')n^^,<,. 

Suppose that A G (ap)^. Then p^iP, A, g) is trivial on y4G(M)°. This implies pn{P, A, (f)t) = 
Ptt{P, a, (pl), where (j)} is the restriciton of ipt to G'(A)^ Together with ()6.6|) we get 



(6.7) 



/ e-*ll^ll' tr(97li(P, A)Mp|p(s, 0)0^,,.) rfA. 



To study this integral-series, we introduce the normalized intertwining operators 

(6.8) Nqip{7i, A) := rQ|p(7r, Xy^MQ^p^n, A), A G a^^C' 

where rQ\p{7i, A) are the global normalizing factors considered in the previous section. Let 
P G V{M) and A G ia*M be fixed. For Q G P(M) and A G ia^/ define 

(6.9) mQ(P, TT, A, A) = NQ\p{n, X)-'NQ\p{7r, A + A), 
Then as functions of A G ia^f , 

{mQ{P,n,X,A)\QeV{M)} 

is a (G, M) family. The verification is the same as in the case of the unnormalized inter- 
twining operators |A4t p. 1310]. For L G C{M), let 

{D^Q,(P,7r,A,A) I AGzal, Qi G P(L)} 

be the associated (G, L) family. 
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Let nJlQi(P, TT, A, A) be the restriction of TIq,{P, A, A) to aI{P). Then by (Q and S^TIM 
it follows that 

(6.10) TIq,{P, tt, a, A) = mg, (P, TT, A, A)iyQ,{P, tt, A, A) 

for all A e ial and all Qi eV{L). 

For Q D P let Lp C ap be the lattice generated by {cD^ | u e Ap}. Define 

^«(A) = vol(a^/L^)-i J] A((; 



For 5 G put 

%{P,7l,\) 

(6.11) = lijn ^ (-l)^'°^(^^/^«)^f(A)-iDTfi(P,7r,A,A)^H(A)-^ 

^ {i?|i?D5} 

Let SmL(P, TT, A) be the restriction of 9JIl(P, A) to Then by (IFTTnil and Lemma 6.3 



of |A5j we get 

(6.12) 27li(P,7r,A)= ^'^(P, tt, A)z/f (P, tt, A). 

Let ^'g{P,TT, denote the restriction of ^^.(P, 7r,A) to A'l{P)Kf,cT- Then by (j6.7|) we 
get 



7rendis(Afi 

J] / e-*ll^llVf (P, TT, A) tr(Mp|p(s, 0)aT'5(P, vr, A),,,,.) dA. 



7rendis(Af(A)i) 

(6.13) 



Next we shall estimate the norm of ^^(P, tt, \)k;,u- For a given place t> of Q let Jq\p{tTv, A) 
be the intertwining operator between the induced representations Ipiji^ x) and Iq^tt^ x)- 
Let 



Rq\p{tTv, A) = rQ|p(7rj,, A) jQ|p(7r^, A), A G 



be the normalized local intertwining operator. These operators satisfy the conditions 
(Pi) — (Pg) of Theorem 2.1 of |A7j . Assume that Kf = np<oo -^p- ^'^^ place v 
denote by Hp^tTv) the Hilbert space of the induced representation Ip{n^). If p < oo let 
RQ\p{np, X)kp be the restriction of RQip^Hp, \) to the subspace of i^p-invariant vectors 
'Hp{7!'p)'^p in TipijTp). Let Rq\p{tToo,X)ct denote the restriction of PQ|p(vroo,A) to the cr- 
isotypical subspace of Ipijioo) in 'HpijToo)- It was proved in |Mu2t (6.24)] that there exist 
a finite set of places 5*0, including the Archimedean one, and constants C > and g G N, 
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such that 



/ 1 

II m's{P,7c,X)K„. \\<ci E II D',RQ\p{n„X)K, II 

^peSo\{oo} k=l 

q 

k=l 

for all A e ialj, a G UiK^) and vr G n(M(A)). By Proposition 0.2 of [MEl it follows that 
there exists C > such that 

(6.14) \\%{P,n,X)K^^^\\<C 

for all A G ia*]yj and vr G ndis(M(A)-'^). Observe that Mp|p(s,0) is unitary. Let / = 
dim^AL/Ac)- Using ()6.13p . ()6.14|) and Proposition 15.51 it follows that there exists C > 
such that 

X2 + |logt|)' 



(6.15) 



\JhA^ls)\<c'- ^^1^ 

'Tsndi.CMCA)!) 

for all < t < 1. The series can be estimated using Proposition 13.51 Let Xm = 
M (R) / K'j^,j ^ and let m = dimXM. It follows from Proposition 13.51 that for every e > 
there exists C > such that the series is bounded by Ct~"^^^~^ for < t < 1. Together 
with ()6.15|) we obtain the following proposition. 

Proposition 6.1. Let m = dimX^ and I = dim Al/Aq. For every e > there exists 
C > such that 

|j.V(</'^3)i<ct-('"+')/2- 

for alio <t<l. 



Now we distinguish two cases. First assume that M = G. Then L = P = G and s = 1. Let 
-^dis be the restriciton of the regular representation of G(A)^ in L'^{G{Q)\G{A)^) to the 
discrete subspace. Then J^Q^cj)],!) = Tri?jjg(0j). Let i?dis be the regular representation 
of G{A) in LlXAG{R)°G{Qj\G{A)). Then the operator i?dis(0t) is isomorphic to i?L(0t)- 
Thus 

JSd^l,i) = TTR^M. 

Given tt G ndis(G(A), ^q), let m(7r) denote the multiplicity with which tt occurs in the 
regular representation of G{A) in L2(Ag(M)°G(Q)\G'(A)). Then we get 

JSM. 1) 

(6-16) = Y m{7r)dim{nn/)dim{n^Ja))e'^-. 

7rendis(G(A),Co) 
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Now assume that M 7^ G is a proper Levi subgroup. Let P = MN. Let X = G{M.y / Koo- 
Then 

X ^ Xm X Aa/(M)7^g(K)° X N{R). 
Since / = dim A^/Ag < dim Am/ Aq, it follows that m + I < dimX — 1. Thus together 
with Proposition 16. II we get 

Theorem 6.2. Let d = dimX. For every open compact subgroup Kj of G{Af) and every 
a G n(0(ri)) the spectral side of the trace formula, evaluated at (f)\, satisfies 



{a Yj\ = m(7r)dim(7^f/) dim(7^^^(a))e* 

7rendis(G(A),Co) 



ast^O^ 



This theorem can be restated in a slightly different way as follows. There exist arithmetic 
subgroups Fj C G(M), i = I, ...,m, such that 

m 

Ag(M)°G(Q)\G(A)/K^ = □(rAG(R)i) 

1=1 

(cf. |Mull section 9]). Let A^-^i be the operator induced by the negative of the Casimir 
operator in C°°(ri\G(M)\ a),i = 1, m. Let 

Ao < Ai < A2 < ■ ■ ■ 

be the L^-eigenvalues of A^- = ©™^Ao-^j, where each eigenvalue is counted with its multi- 
plicity. Let d = dimX. If we proceed in the same way as in the proof of Lemma f3. 21 then 
it follows that (|6.17p is equivalent to 

(6.18) J^,U<Pl) = E^"*"' + Oit-^'-'^/') 

i 

as t -> 0+. 

Let T{N) C SLn(Z) be the principal congruence subgroup of level N. Let Ho < Hi < ■ ■ ■ 
be the eigenvalues, counted with multiplicity, of A^- acting in L^(r(X)\ SL„(R), a). Then 
it follows from (jfnH|l and (pnn|l that 

(6.19) J.p..(0j) = v{N)Y,e-'^^ + 0(r(^-i)/2) 

i 

as t 0+. 

Our next purpose is to study Jgpoc as a functional on the Schwartz space. Let Kf be an 
open compact subgroup of G{Af) and let a G n(Koo). Denote by C^(G'(A)^; Kf, cr) the set 
of all h G C^{G{Ay) which are bi-invariant under Kf and transform under K^o according 
to a. Let Ag be the Laplace operator of G'(M)^. Then we have 
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Proposition 6.3. For every open compact subgroup Kj of G{Af) and every o G V^.{Kao) 
there exist C > and A; G N such that 



\JsUf)\<c\\ (id+AG)V Wmam 



for allfe C\G{Ay;Kf,(x) 



Proof. This follows essentially from the proof of Theorem 0.2 in |Mu2j combined with 
Proposition 0.2 of [MHI- We include some details. Let M G £, L G £(M) and P G V{M). 
By ()6.3|) it suffices to estimate Jm p{f, s). Since Mp\p{s, 0) is unitary, it follows from ()6.2|) 
that 

\Jkp{f,s)\< Yl L ^\\^L{PA)p.{PAJ)\\id\ 



2 

where || ■ ||i denotes the trace norm for operators in the Hilbert space A^{P). Using (j6.12|) 



^endi,(M(A)i)-""L/"G 

ze norm for operator 
it follows that the right hand side is bounded by 

I II ^'s(P,vr,A)p^(P,A,/) 111 |z^f(P,7r,A)| d\ 

The function i/£(P, vr, A) can be estimated by Theorem 5.4 of |Mu2j . This reduces our 
problem to the estimation of the trace norm of the operator ^^^(P, tt, A)p7r(P, A, /). Let 
Kf be an open compact subgroup of G{Af) and let a G n(i^oo)- Denote by 11x^,0- the 

2 

orthogonal projection of the Hilbert space A^{P) onto the finite-dimensional subspace 
AI{P)k„.. Let / G C'{G{Ay;Kj,a). Then 

PAP^ f) = ^Kf,a O PAP^ a, /) O UKf,a 

for all vr G U{M{Ay). Let 

D = M+Ag. 

For any /c G N let p^iP, A, D'^^)Kf,(T denote the restriction of the operator Pt,{P, A, D"^^) to 
the subspace A^{P)K;,cr- Then we get 

II 91'5(P,7r,A)p^(P,A,/) 111 
(6.20) <|| %{P,'k,\)kj,. II ■ II p.(P,A,D2A.)^i^^ 

■ II pAP,\,D^'f) II, 



By (6.9) of piT2] we get 

rfi9ii II n rp A \\<r dim^^(P)i^„^ 

(b.21) ||p,(P,A,i; )/r,,a 11^^(1+ II 112 +A2)*^^ 



and since p7r(P, A) is unitary, we have 

2k £\ II ^ II 7-i2fc X II 

HG(A)i) 



(6.22) II p^P.X.D^^f) \\<\\ D^'f |Ui(G(A)i) • 
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Together with ()6.14|) it follows that there exists C > such that 
II %{P,n,X)p^{P,X,f) 111 

(6-23) dim AI(P)k, a 

<C\\ D-^J |U.(^(,).) (1+ II A 11)'^'/^ (l + A^)i/r 

for all A e ia^ and vr G ndis(M(A)i). Let d = dimG(M) VfsToo- By Theorem 5.4 of 
there exists /cq € N such that for k > ko we have 

(6.24) /" |z/f(P,7r,A)|(l+ || A f)-'/' dX < Ck{l + Xl)''" 

for all vr G n(jis(M(A)^) with J^{P)Kf,cT 7^ 0. Furthermore, by Proposition 13.41 we have 

(a Sr dim^^(P)j^^,^ 

(6-25) (i + A^)V2 < ^ 

for A; > m/2 + 1, where m = dimM(R) V^m.oo- Combining (IFT^ - (IFT^ . it follows that 
for each k > m/2 + 16d^ + 1 there exists > such that 

J2 I J|^'5(P,7r,A)p^(P,A,/) 111 |z/f(P,7r,A)|rfA 

< C'fe II D"^^! ||li(G(A)1) • 
This completes the proof. □ 

Now we return to the function ipt defined by ()fj.5j) . It follows from the definition that the 
restriction ipl of 0( belongs to C^{G{KY ,Kf,a). We shall now modify 0t in the following 
way. Let G C^(M) be such that ^{u) = 1, if 1^1 < 1/2, and ip{u) = 0, if |m| > 1. Let 
d{x, y) denote the geodesic distance of x, ?/ G X and set 

r{gcyo) ■■= d{g^K^,K^). 
Given t > 0, let G C^{G{Ry) be defined by 

^t{goo)=v{r\g^)/t'/^). 
Then supp(/)t is contained in the set {(^oo ^ G'(ffi)^ | r(goo) < t^^^}. Extend (ft to G(K) by 

^tig^z) = iftigoo), goo e G(M)\ z g Ag(M)°, 

and then to a function on G(A) by multiplying by the characteristic function of Kf. 
Put 

(6.26) 0i((7) = V9t((7)0t(^?), ^^^^(A). 

Then the restriction (f)} of 0* to G(A)i belongs to C^{G{Ay). 
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Proposition 6.4. 

forO <t<l. 

Proof. Let ipt = (pt ~ 4't and ft = 1 — (pt- Let ipl denote the restriction of ipt to G(A)^. 
Then by Proposition 16.31 there exists k eN such that 

\Jspcci(pl) - ^spoc(S)| = |Jspcc(^f )| < Ck II [Id+Z^Gfi^l IUl(G(A)l) • 

In order to estimate the L^-norm of ip}, recall that by definition 

MdocQf) = ft{9oc)ht{goc)XKf{9f)- 

Hence 

II (M+Ag)'^^,^ l|LnG(A)i) = || ild+AG)\fth^) hHGiRV) . 

Let 0(M)^ be the Lie algebra of G(M)^ and let Xi, Xa be an orthonormal basis of 0(M)^. 
Then = — ^^Xf. Denote by V the canonical connection on (^(M)^. Then it follows 
that there exists C > such that 

2k 

|(Id+AG)V(^7)l < II V'fig) I ge G{R)\ 

1=0 

for all / G C°°(G'(]R)^). By Proposition 12. II there exist constants C, c > such that 

(6.27) II V^h'^ig) \\< cr^^+^'^/^e^^''^^)/*, g G G{R)\ 

for j < 2k and < t < I. Let Xt be the characteristic function of the set M — {—t^^^, t^^^). 
Recall that ftig) = (1 ^ V^)('"^(fl') A"*^^^) a-iid (1 — 'p){u) is constant for |m| > 1. This implies 
that there exist constants C, c > such that 

(6.28) II V'ftig) \\< Cr'xMg)), g G G{R)\ 
for j < 2k and < t < 1. Combining ()6.27|) and ()6.28|) we obtain 

2k 

E II ^'(fthtM II < C^t--^'^''xMg))e-^'-'^^y' 

1=0 

for all g G (^(IR)^ and < t < 1. Finally note that for every c > 0, e"'^^^*^^-' is an integrable 
function on G'(M)^. This finishes the proof. □ 
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There exist C,c> such that 
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7. Proof of the main theorem 

In this section we evaluate the geometric side of the trace formula at the function (pj and 
investigate its asymptotic behaviour as t — > 0. Then we compare the geometric and the 
spectral side and prove our main theorem. 

Let us briefly recall the structur of the geometric side Jgoo of the trace formula jiAlj . The 
coarse o-expansion of Jgco(/) is a sum of distributions 

Jgco(/) = $^Ja(/), /GCr(G(A)i), 

which are parametrized by the set O of conjugacy classes of semisimple elements in G(Q). 
The distributions Jo{f) are defined in |Alj . We shall use the fine o-expansion of the spectral 
side |A10j which expresses the distributions Jo{f) in terms of weighted orbital integrals 
JM{l,f)- To describe the fine o-expansion we have to introduce some notation. Suppose 
that S* is a finite set of valuations of Q. Set 

GiQsy = GiQs)nGiA)\ 

where 

Qs = l[Qv. 

Suppose that u is a compact neighborhood of 1 in G'(A)^. There is a finite set S of val- 
uations of Q, which contains the Archimedean place, such that u is the product of a 
compact neighborhood of 1 in G^QsY with ni;^s'-^«'- Let be the minimal such set. Let 
C^(G(A)^) denote the space of functions in C^{G{Ay) which are supported on u. For 
any finite set S' D 5° set 

C^{G{QsY) = G^{G{A)') n C^{G{QsY)- 

Let us recall the notion of (M, S')-equivalence |A10| p. 205]. For any 7 e M(Q) denote by 
7s (resp. 7„) the semisimple (resp. unipotent) Jordan component of 7. Then two elements 
7 and 7' in M(Q) are called (M, S')-equivalent if there exists 6 G M(Q) with the following 
two properties. 

(i) 7s is also the semisimple Jordan component of 6~^'~f'S. 

(ii) and {6~^'j'S)u, regarded as unipotent elements in M^^{Qs), are M^^(Q5)-conju- 
gate. 

Denote by (M(Q))m,5 the set of (M, S')-equivalence classes in M(Q). Note that {M,S)- 
equivalent elements 7 and 7' in M(Q) are, in particular, M(Q5)-conjugate. Given 7 G 
M(Q), let 

^m(7,/), feC^{G{Qsy), 

be the weighted orbital integral associated to M and 7 jAllj . We observe that JMil,f) 
depends only on the M(Qs')-orbit of 7. Then by Theorem 9.1 of |A10j there exists a finite 
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set D 5*° of valuations of Q such that for all S D and any / G C2°(G(Q5)^), we 
have 

(7.1) ^geo(/)=El^o''lKr' E a''{S,^)JM{7j). 

Mac 7G{M(Q))m,s 

This is the fine o-expansion of the geometric side of the trace formula. The interior sum is 
finite. 

Recall that the restriction of (f)t to G(A)^ belongs to C^(G(A)^) and hence, Jgco can 
be evaluated at By construction of (pl there exists a compact neighborhood of 1 in 
G{KY and a finite set 5* D 5*^^ of valuations of Q such that 

4>\eC^{G{^sf), 0<t<l. 

Hence we can apply ()7.1|) to evaluate Jgoo(0f)- In this way our problem is reduced to the 
investigation of the weighted orbital integrals JM(7,0t)- Actually for 7 G M(Q) we may 
replace (p] by (pf 

To begin with we establish some auxiliary results. Given h G G'(M), let 

Ch = {g-'hg I g G G'(M)} 
be the conjugacy class of h in G'(R). 

Lemma 7.1. Let k G i^oo- Then Ck H i^oo ^-5 Koo-conjugacy class of k. 

Proof. Let g and t denote the Lie algebras of G'(M) and K^o, respectively. Let be a Cartan 
involution of q with fixed point set i and let p be the (— l)-eigenspace of 6. Then the map 

G fsToo X p I — > k'exp{X) G G{R) 

is an analytic isomorphism of analytic manifolds. If ki G K^o, then ki is a 6'-invariant 
semisimple element. Therefore, its centralizer is a reductive subgroup and the restric- 
tion of 6 to Gki is a Cartan involution. Thus the restriction of the above Cartan decom- 
position to the centralizer of ki yields a Cartan decomposition of G'jt^(M). Let g G G(M) 
such that g~~^kg G -ft'oo- Write g = k' exp{X) with k' G K^o and X G p. Since g~^kg is 
6'-invariant, we get 

exp(-X)fc'"^fcA;'exp(X) = exp(X)fc'"^fcA;' exp(-X). 

Hence exp(2X) G G^./-i;,^/(M). From the Cartan decomposition of the latter group we 
conclude that exp(2X) = exp(y) for some Y G Pk'~^kkh and hence X G Pk'-^kw- This 
implies that g'^kg = k'~^kk' . □ 

It follows from Lemma 17.11 that G^ H K^o is a submanifold of Gk ■ 

Lemma 7.2. Let k G -fCoo — {il}- Then Gk H i^oo a proper submanifold of Gk- 
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Proof. Let the notation be as in the previous lemma. First note that the tangent space of 
Ck at k is given by 

nCk = {Ad{k)-id){Q). 

Furthermore 

Ad(A;)(!) C t, Ad(A;)(p) C p. 

Hence we get 

Tk{Ck n Koo) = TkCk n e = (Ad(A;) - Id) (6), 
and so the normal space Nk to Ck H Koo in Ck at k is given by 

Nk = {Ad{k)-ld){p). 

Suppose that Ad(A;) = Id on p. Since t = [p,p], it follows that Ad(A;) = Id on g. Hence 
k belongs to the center of which implies that k = ±1. Thus if A; 7^ ±1, we have 
dimA^fc>0. □ 

Next we recall the notion of an induced space of orbits |A1H p. 255]. Given an element 
7 G M{Qs)j let 7*"^ be the union of those conjugacy classes in G{Qs) which for any 
P G V{M) intersect 7A'^p(Q5') in an open set. There are only finitely many such conjugacy 
classes. 

Proposition 7.3. Let d = dimG(M)V^oo. Let M e C and 7 G M(Q). Then 

lhnt^/VM(7,0*) = O 
if either M ^G, or M = G and'j ^±1. 

Proof. By Corollary 6.2 of |Allj the distribution JM{'~f,4>t) is given by the integral of (pt 
over 7*^ with respect to a measure dfi on 7"-^ which is absolutely continuous with respect 
to the invariant measure class. Thus Juili'Pt) is equal to a finite sum of integrals of the 
form 

/ 4>t{9~^ing)dii{g), 

J G-,n{Qs)\G{Qs) 

where n G A^p(Qs) for some P G V{M). Now recall that by (jHISl) and (jfT^ . '(t)t{g) is the 
product of ipt{gQo)h1{goo) with XKfidf) for any g = gooQf- Hence our problem is reduced 
to the investigation of the integral 



o 



Furthermore, by Proposition 12. II there exists C > such that 

\hU9o.)\ < Ct-''/^ 0<t<l. 

Hence it suffices to show that 

(7.2) lini / Ma^^l'n'ocgoo) d^i{goc) = 

JG-yn^m\G{R) 

if either M ^ G, or M = G and 7 ^ ±1. 
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By definition of j'^, the conjugacy class of jn in G{Qs) has to intersect 7A''p(Q5) in an 
open subset. Tliis implies that 7^7.00 7^ il? if either M G, or M = G and 7 7^ ±1. Then 
it follows from Lemma ESI that C^noo ^ ^00 is a proper submanifold of C^noo- The measure 
dfi{goo) is of the form f{goo)dgoo for some smooth function / on G(]R). Hence being a 
proper submanifold, C^n^ H K^o is a subset of C^n^ with measure zero with respect to dii. 
Next observe that 

/ Vtig^irioogoo) \f{.goo) \ dgoo < 00. 

Jg^„^(r)\g(r) 



Since supp ipt' C. supp ipt for t' < t, and < < 1 for all t > 0, it follows that there exists 
C > such that 



/ ^tigjirioogoo) dfx{go 



< G 



for all < t < 1. Furthermore by definition of ipt we have 

\im ipt{x) = 



for all X G G^n^ — {G^n^ H K^o). Since G^noo ^ ^00 has measure zero with respect to d/x, 
()7.2|) follows by the dominated convergence theorem. □ 

We can now state the main result of this section. 

Theorem 7.4. Let d = dimG(R) let Kj be an open compact subgroup of G{Af) 
and let a G n(SO(n)). Then 

\im//' JU^l) = ^^vol(G(Q)\G(A)Vir;)(l + l^/-!)). 

Proof. By ()7.ip and Proposition 17.31 if follows that 

Vnn//'J,U^I) = ]im//\a^{S, l)0l(l) + a^{S, 

By Theorem 8.2 of jAlOj we have 

a^(^,±l)=vol(G'(Q)\G(A)^). 

Furthermore 

0K±i) = /^r(±i)xx,(±i). 

Since a satisfies ct(— 1) = 1, it follows from ()2.5|1 that h^{—l) = h^l) Finally, by Lemma 
12.31 we have 

as t ^ 0. Combined with Xi^^(±l) = 1/^^,(±1) vol(fC/)~^, the theorem follows. □ 
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We shall now use the trace formula to prove the main results of this paper. Recall that 
the coarse trace formula is the identity 

^cc(/) = Jgeo(/), / G C7-(G(A)i), 

between distributions on G(A)^ jAlj . Applied to (j)] we get the equality 

Jspcc{(pl) = Jgco{4>l), t>0. 

Put = 1, if —1 G Kf and = otherwise. Combining Theorem 16.21 Proposition 
and Theorem 17. 4[ we obtain 



(7.3) 



J2 rn{^) dim(7^f/) dim{n^^{a))e' 
7rendi,(G(A),^o) 



^^vo\iGiQ)\GiAy/Kf)il+eK^)r'^/' 



as t 0. Applying Karamat's theorem jFe| p. 446], we obtain 

m(7r) dim(7if/) dim(7i^^(cr)) 



(7.4) 



7rendi,(G(A),5o) 



di^(^) (4^)^/2r(d/2 + 1) + "^^^^ 



as A — s> oo. By Lemma [3.31 it follows that this asymptotic formula continues to hold if we 
replace the sum over ndis(G(A), ^q) by the sum over ncus(G(A), ^o)- Finally note that by 
jSkj we have m(7r) = 1 for all vr G ncus(G'(A), ^o)- This completes the proof of Theorem 
lO 

Now suppose that Kf is the congruence subgroup K{N) and r(A^) C SL„(Z) the principal 
congruence subgroup of level A^. Then by fj3.10|) we have 

yo\{G{Q)\G{AY/K{N)) = <^(A^) vol(r(Ar)\SL„(M)). 

Furthermore, eK{N) = 1 if and only if —1 G r(A^)- If —1 is contained in r(A^), then the 
fibre of the canonical map 

r(Ar)\ SL„(M) ^ r(A^)\ SL„(M)/ SO(n) 

is equal to S0(n)/{±1}. Otherwise the fibre is equal to SO(n). We normalize the Haar 
measure on SL„(]R) so that vol(SO(?2)) = 1. Then in either case we have 

vol(r(Ar)\ SL„(M))(1 + SKiN)) = vol(r(Ar)\ SL„(M)/ SO(n)). 

Let X = SL„(]R)/ SO{n) and let Aq < Ai < ■ ■ ■ be the eigenvalues, counted with multiplic- 
ity, of the Bochner-Laplace operator A^- acting in L^(r(A^)\ SL„(M), a). 

Combining ()6.18|) . Proposition 16.41 Theorem 17.41 and the above observations, we get 
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as t 0. Using again Karamata's theorem |Fe| p. 446], we get 

as A ^ oo. By Proposition IH.fil it follows that the same asymptotic formula holds if we 
replace N^i[^\X,o') by N^^f^\X,cr). This is exactly the statement of Theorem 10.11 
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